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Abstract
Models with non-minimal Higgs sectors represent a mainstream direction in theoretical exploration of
physics opportunities beyond the Standard Model. Extended scalar sectors help alleviate difficulties of
the Standard Model and lead to a rich spectrum of characteristic collider signatures and astroparticle
consequences. In this review, we introduce the reader to the world of extended Higgs sectors. Not
pretending to exhaustively cover the entire body of literature, we walk through a selection of the most
popular examples: the two- and multi-Higgs-doublet models, as well as singlet and triplet extensions.
We will show how one typically builds models with extended Higgs sectors, describe the main goals
and the challenges which arise on the way, and mention some methods to overcome them. We will also
describe how such models can be tested, what are the key observables one focuses on, and illustrate the
general strategy with a subjective selection of results.
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1. Introduction
1.1. The quest for New Physics
Search for the physics beyond the Standard Model (SM) is today the top-priority task for the high-
energy physics (HEP) community. The way it feels can be paralleled to the early decades of the Age of
Discoveries, when Europeans were sailing to open ocean in search for new overseas lands. They knew
that these lands must exist but had little idea how far they were and what it would take to reach them.
Today, the HEP community, too, is navigating in open seas. We know that New Physics must exist but
we have no definitive sign of this new continent on the horizon. The recent discovery of the 125 GeV
boson at the LHC [1, 2] seems to make part of the “old world” rather than a passage to New Physics,
and the 750 GeV mirage dissipated upon closer inspection.
On the one hand the Standard Model, the gauge theory of electromagnetic, weak, and strong inter-
actions of quarks and leptons, is still extremely successful in describing all laboratory measurements of
how fundamental particles behave. The celebrated Brout-Englert-Higgs mechanism (the Higgs mech-
anism for short) [3, 4, 5, 6] is a cornerstone of the electroweak part of the SM [7, 8, 9]. The gauge
interactions do not require the scalar sector to be minimal, and this inspires hope to see New Physics
through the Higgs window.
On the other hand, we know that the SM is an incomplete theory. The strongest indications
come from its failure to accommodate dark matter and to provide a viable explanation of the baryon
asymmetry of the Universe. It also has several unattractive features in its own construction. The
fundamental scalar field suffers from quadratically divergent loop corrections to its mass, which, even if
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absorbed in the renormalization counterterms, lead to quadratic sensitivity to the scale of any possible
New Physics. The Yukawa sector, which is often called the ugly part of the SM, is just postulated as it
is. The quark and lepton masses as well as the quark mixing matrix display several hierarchies, and the
SM offers no explanation to any of them. Neutrino masses are non-zero but shockingly small, and their
mixing pattern is quite different from quark mixing. Although the minimal Standard Model assumes
neutrinos to be strictly massless, their non-zero neutrino masses can be accommodated by adding right-
handed neutrinos and assuming they get their masses via the same Yukawa-type interactions as charged
fermions. However this would be extremely unnatural, and many see the non-zero neutrino masses as
the first direct indication of New Physics.
In short, many intriguing features cry for explanations, which the SM does not offer. This motivates
the physics community to theoretically explore various constructions beyond the SM (bSM). One big
part of this activity is model building based on extended Higgs sectors. In this bottom-up approach
to New Physics, one does not try to guess the theory at the highest energy scale but focuses on its
consequences around the electroweak scale. The scalar sector, which we just start to explore, is still
very weakly constrained, at the ten percent level at best, and it can hide new physics treasures waiting
to be discovered. It is this hope of existence of a close “Higgs continent” that drives most of the works
on extended scalar sector model building.
This review is an attempt to give a concise and digestible introduction to several variants of extended
Higgs sectors. As this topic is huge and the literature is immense, this review certainly cannot list all
models with non-minimal Higgs sectors constructed up to now. Nor does it pretend to give an exhaustive
coverage of all works within the selected models. The goal of the review is to convey to the reader the
feeling of how one typically builds and tests extended Higgs sectors; to describe the ideas, to set up
the basic notation, and to overview the methods. With several popular models chosen as illustrative
examples, we will dig deeper into the challenges which arise and into the ways to overcome them.
The non-minimal scalar sectors selected here are two- and multi-Higgs-doublet models and singlet
and triplets extensions, with a few other examples mentioned in passing. A justification of this choice is
that we wish to focus on those bSM models in which the non-minimal Higgs sector plays the defining role.
We will not dwell on supersymmetric models as well as gauge unification models, as their construction
and phenomenology is strongly shaped by other ingredients. Nor will we consider composite Higgs
models, extra dimensions, or technicolor, since they represent very distinct branches of the non-minimal
Higgs physics and definitely require introduction of other techniques. An extensive discussion of such
models can be found in the pre-LHC era collective report [10].
The rest of this Section will provide a short literature guide, a brief historical account of the Higgs
sector developments, and a quick summary of the popular computer tools used to explore bSM models.
In Section 2, we start with a brief pedagogical recap of the Brout-Englert-Higgs mechanism in the
SM. Section 3 is devoted to the two-Higgs-doublet model (2HDM), a very popular non-minimal Higgs
sector. This is followed in Section 4 by a discussion of more than two Higgs doublets, with the emphasis
on novel features absent in 2HDM. Section 5 deals with scalar sectors in which the Higgs doublet is
accompanied by extra singlets and triplets. Finally, in Section 6 we collect several astroparticle and
cosmological consequences of extended Higgs models.
1.2. Literature overview
The Higgs mechanism is an essential part of all textbooks, reviews, and lectures on the Standard
Model, on various bSM models, and on their phenomenological manifestations. Apart from the general-
purpose textbooks on HEP, we highlight the very pedagogical accounts by Okun [11] and Rubakov [12],
and the famous Higgs Hunter’s Guide by Gunion, Haber, Kane, and Dawson [13]. The monograph of
Branco, Lavoura, and Silva on CP -violation [14] provides a detailed account of CP -violating and flavor
physics effects which arise in multi-Higgs-doublet models.
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Back in 1998, Spira published the classical review [15] on the Higgs boson production and decay
channels in the SM and in the much anticipated MSSM, the minimal supersymmetric extension of the
SM. Very recently, he completed a substantial update of that review [16]. In 2002, as the LHC project
hit its construction stage, Carena and Haber presented a detailed description of the Higgs sector in
the SM and MSSM [17]. Appearing a few years later, the monumental two-volume review by Djouadi
describes in meticulous details the expected Higgs boson properties in the SM [18] and in MSSM [19].
The workshop report [10] offers a very broad and detailed update on the status of many extended
scalar sectors, both mainstream and exotic ones, ranging from 2HDM and supersymmetric models to
little Higgs models, extended gauge groups, extra dimensions, composite, and Higgsless models. Those
volumes essentially summarize the state of the art in the pre-LHC era. As for the recent literature,
we highlight the very detailed review on the two-Higgs-doublet models by Branco et al [20], the recent
workshop report [21] on the prospects of the Higgs and EW symmetry breaking studies at a 100 TeV
pp collider, and the fourth report of the LHC Higgs cross section Working Group [22], which includes
calculations for several benchmark models with extended scalar sectors. In fact, the website of the LHC
Higgs Cross Section Working Group for BSM Higgs [23] is a useful source of information on mainstream
models with extended Higgs sectors.
Another valuable pedagogical resource is the constant flux of lecture notes on various aspects of the
Higgs mechanism and its experimental signatures, both within and beyond the SM. A recent and very
detailed account of the SM structure and its experimental tests at colliders was written by Altarelli [24].
The summary of the LHC Run 1 experimental program which led to the 125 GeV boson discovery was
given by Bernardi and Herndon [25]. The lectures by Vysotsky [26] deal with the details of the Higgs
mechanism, with an emphasis on practical calculations of loop corrections. Other introductory lectures
of the SM Higgs mechanism include [27, 28, 29].
Many lectures accompany the SM Higgs mechanism with a selection of bSM models with extended
scalar sectors [30, 31, 26, 32, 33]. Lectures from the pre-LHC era are often dominated by the MSSM
Higgs physics and the prospects of its experimental discovery; a nice and detailed account is given
in 2004 TASI lectures by Reina [30]. Wells [31] gives a thorough description of the Higgs bosons in
the 2HDM and MSSM, and offers an introduction to models in which the Higgs mixes with exotic
scalars such as the “hidden world” and extra dimensions models. A very gentle introduction to the
Brout-Englert-Higgs mechanism and Higgs boson(s) properties in the SM, 2HDM, and Higgs triplet
models is presented in the 2013 TASI lectures by Logan [32]. The report of lectures given in 2015 at
the Cracow School of Theoretical Physics by Pich [33] covers multi-doublet models and singlets. A very
recent update on CP and flavor violation in bSM models, with the new Higgses playing essential role,
was given by Gori [34]. An interesting attempt to explain the essence of the Higgs mechanism to the
mathematical audience can be found in [35]. Finally, we mention the educational paper by Maldacena
[36] where he draws an enlightening socioeconomic analogy of the Higgs mechanism, which is worth
reading even for experts.
1.3. Historical excursion
Many entry-level materials on the Brout-Englert-Higgs mechanism put it that in 1964, independently
from each other, Brout and Englert [3], Higgs [4, 5], and Guralnik, Hagen and Kibble [6] came up with
a mechanism which gives masses to W and Z bosons and to fundamental fermions, and that this
theoretical insight was finally confirmed in 2012 with the discovery of the Higgs boson at the LHC
[1, 2]. The real situation was of course much more intricate than this oversimplified scenario. The
groundbreaking papers did not actually address the electroweak theory because the theory itself did
not exist yet. In those years, the physics community was trying to figure out the underlying physical
picture behind the proliferation of hadrons in experiments. It was exactly in this context that Nambu
and Jona-Lasinio brought the idea of spontaneous symmetry breaking from condensed matter physics
to particle physics [37, 38]. In their own words, “The basic principle underlying the model is the idea
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that field theory may admit ... extraordinary (nontrivial) solutions that have less symmetries than are
built into the Lagrangian.” This description took its roots in the Bardeen-Cooper-Schrieffer microscopic
theory of superconductivity and specifically in the fact that the photon does acquire an effective mass
inside superconductor in spite of the underlying theory being gauge-invariant [39]. Goldstone [40]
considered field theories with this “superconductor” solutions and noticed that if a model possesses
a continuous symmetry and if the scalar field acquires a non-zero vacuum expectation value (vev)
which breaks this symmetry, then a massless scalar appears. He conjectured it to be a general result
for Lorentz-invariant theories, which was proved in three different ways in the subsequent paper by
Goldstone, Salam, and Weinberg [41]. Since no massless Goldstone boson is observed in experiment,
this mechanism of mass generation seemed to be at odd with reality. The work of Nambu also falls in
this category, though it is not a fundamental scalar field but rather a scalar bilinear of the fermion field
that acquires vev.
In the next two years, amidst the flurry of short papers [42, 43, 44, 45, 3, 4, 5, 6] and intensive
discussions at the Seminar on Unified theories of elementary particles in Rochester in 1963, the solution
emerged. Already Anderson puts in [43] this vision explicitly: ”It is likely ... that the way is now open
for a degenerate-vacuum theory of the Nambu type without any difficulties involving either zero-mass
Yang-Mills gauge bosons or zero-mass Goldstone bosons. These two types of bosons seem capable of
”canceling each other out” and leaving finite mass bosons only.” In parallel, in the Soviet Union, —
in the “island” poorly connected to the rest of the scientific world [46], — Migdal and Polyakov, still
undergraduate students at that time, were trying too to find the solution. They figured it out in 1965
and for more than a year were having hard time breaking through the system until finally publishing it
[47].
So, the idea was in the air and just waiting to be cast in an appropriate mathematical form.
The sequence of events that led to the proposal of the Brout-Englert-Higgs-Hagen-Guralnik-Kibble
mechanism of electroweak symmetry breaking, — which is almost universally shortened to the Higgs
mechanism, — together with valuable personal recollections was covered in a number of historic talks
and reviews by the protagonists themselves [46, 48, 49, 50, 51, 52, 53], including the Nobel lectures by
Englert [54] and Higgs [55], and by others [56, 57, 58]. Perhaps, the most in-depth account of what was
happening around 1964 was given, from a personal perspective, by Guralnik in [50]. A valuable historic
account was also presented by Bernstein in his review [59] back in 1974.
In the years that followed, Higgs [60] looked more closely into the phenomenology of the Abelian
Higgs model, including the properties of the new scalar boson, and explicitly mentioned that a certain
variable change can render the original gauge symmetry hidden rather than broken. In 1967, Kibble
[61] investigated the phenomenon for non-Abelian gauge symmetries, paying special attention to the
equivalence of the physical picture in different gauges. In the same year, Weinberg [8] and, a bit later,
Salam [9] finally put together the electroweak theory, the Brout-Englert-Higgs mechanism, and the
fermions to create what would come to be known as the Standard Model. Developments in the early
1970s culminating in the proof of the renormalizability of massive Yang-Mills theories [62] and the
development of the new regularization and renormalization techniques [63] opened the way to precise
calculations. The model based on the SU(2)L × U(1)Y gauge symmetry was intensively explored, but
for several years it had to coexist with rival theories. After the weak neutral current discovery in 1973
by the Gargamelle experiment [64] the SM became widely accepted by the physics community.
Concerning the scalar sector, the situation was somewhat ambiguous in those early days. Today
the students are taught that the Higgs boson, being the only “scalar witness” of the Higgs mechanism,
is a perfect experimental probe of the mechanism itself. However in the early 1970’s many viewed the
presence of a fundamental scalar field as an awkward feature of the model rather than its strength. The
spirit of arguments against the fundamental scalars was nicely summarized by Wells [58]. It was only
in 1975 that the first detailed investigation into the phenomenological properties of the Higgs boson
and its search strategies was presented [65]. The hunt had begun, and a very useful guide by Gunion,
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Haber, Kane, and Dawson [13] helped hunters to stay focused.
Mid-70s were also revolutionary for flavor physics. The fourth quark anticipated on the basis of the
Glashow–Iliopoulos–Maiani mechanism [66] was discovered in 1974 [67, 68]. The fifth, bottom quark
as well as the τ -lepton followed in 1977. This did not come as a complete surprise: in fact, back in
1973 Kobayashi and Maskawa [69] had already realized, on mathematical grounds, that three fermion
generations can naturally induce CP -violation via the charged weak currents. With the discovery of the
open-flavor mesons and the quickly accumulating systematics of their decays, the Cabibbo-Kobayashi-
Maskawa (CKM) matrix of quark mixing started to take its shape. By the end of 1970s, the hierarchical
structure of the quark masses and mixing patterns became evident and, without any explanation from
the SM, it grew into the so-called flavor puzzle [70]. Attempts to discern a rationale in these patterns
and to come up with a (more) natural source of CP -violation called upon various models beyond the
Standard Model, including models with extended Higgs sectors.
It was then that came the first big wave of model-building activity with non-minimal Higgs sectors.
The two most popular frameworks were the standard SU(3)c × SU(2)L × U(1)Y gauge theory with
several Higgs doublets, and unification models with larger gauge groups such as the Pati-Salam model
[71] with the gauge group SU(4) × SU(2)L × SU(2)R, as well as its low-energy limit, the left-right
symmetric model [72, 73], and the Georgi-Glashow SU(5) model [74]. The new fundamental fields
including new Higgs fields proliferated in these models, but if they stay heavy, one recovers the SM
in the low energy limit. These models often equipped with discrete symmetries provided insights into
fermion masses and mixing.
Since in this review we focus on models with extended scalar sector but with the SM gauge group,
we will not dwell on the developments in gauge-unified theories, and proceed with the brief history
of multi-Higgs-doublet models. As said above, the two driving forces behind these early efforts were
the attempts to find an appealing explanation for the CP -violation in weak interactions and to relate
the quark mixing pattern with their masses. In 1973, T. D. Lee [75, 76] suggested that there could
exist not one but two Higgs doublets and that the CP -violation can originate from the relative phase
between their vevs. The lagrangian of the model is perfectly CP -invariant, no complex parameter is
present anywhere, yet the vacuum configuration breaks this invariance spontaneously, as a result of
minimization, leading to CP -violating Higgs boson exchanges. Notice that at that time the Kobayashi-
Maskawa three-generation idea had just appeared and by no means was an accepted paradigm. Thus,
Lee’s model should be regarded as an alternative to CKM rather than an additional source of CP -
violation.
It was immediately understood, though, that multi-doublet models generically lead to dangerously
large flavor-changing neutral currents (FCNC), which would easily violate the experimental bounds on
kaon mixing. To remedy this problem, the idea of natural flavor conservation (NFC) was put forth in
1976 by Glashow and Weinberg [77] and Paschos [78]. One requires that all right-handed fermions of
the same charge couple only to one Higgs doublet. Technically, this can be guaranteed by an extra
global Z2 symmetry which flips the signs of the Higgs doublet together with the corresponding right-
handed fermions. However, imposing this symmetry on Lee’s 2HDM immediately blocks the possibility
of CP -violation, either spontaneous or explicit. With three Higgs doublets, this clash between NFC
and CP -violation can be resolved, as shown first by Weinberg in 1976 [79] and later, in the form of
spontaneous CP -violation, by Branco [80, 81]. Weinberg’s model stirred up much interest, but around
1981 various authors reported an unacceptably large CP parameter ′/ ≈ −0.05 which it seemed to
predict [82, 83, 84]. More accurate analysis of flavor observables performed by Branco, Buras, and
Gerard in 1985 [85, 86] resurrected the model, granting it an extra decade of a reasonably healthy life,
until it was finally declared dead — at least as the only source of CP -violation — at the turn of the
century [87].
In parallel, an equally intensive model-building activity focused on relating the quark mixing angles
with the mass ratios across the generations in the lepton, up-quark and down-quark sectors. All these
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patterns are hierarchical, — the neutrino mixing pattern being completely unknown at that time, —
and none is explained within the SM. It was tempting to link them either by finding a natural reason
why the mass ratios should shape the mixing, or by finding the origin of the two hierarchies in the same
symmetry-based construction.
Apart from highly influential but rather ad hoc ideas such as the texture-based approach [88] and the
Froggatt-Nielsen framework [89], this activity began within multi-Higgs-doublet models in late 1970s,
first with the two-generation quark mixing and later with the full CKM. The main theme was imposing
an extra global symmetry group acting on scalars and fermions. One starts with the lagrangian which
is invariant under this flavor symmetry group, but the vev alignment of the scalar fields breaks it.
Symmetry-constrained Yukawa matrices describing coupling between fermions and Higgs fields collapse
after the Higgs potential minimization into the quark mass matrices Md and Mu, in which the symmetry
is not manifest anymore. The hope is to find such a symmetry setting, — the group itself and the
representation assignment, — which would simultaneously reduce the number of free parameters, break
the flavor symmetry in order to reproduce the observed masses and mixing, and lead to extra relations
among measurable quantities beyond the SM or predict new phenomena. In short, the hunt was for
models which are neither too restrictive nor too loose.
The first attempt was, naturally, to stick to the attractive NFC hypothesis and devise a model with
the Cabibbo mixing angle calculable in terms of mass ratios. Gatto and collaborators showed that to
be impossible within the SU(2)L × U(1)Y gauge group [90], even if one applies NFC after electroweak
symmetry breaking [91]. The models were too rigid: whenever they predicted the Cabibbo angle, its
value was fixed by the symmetry itself, independent of the quark mass ratios, and was off by far from
the experimental result.
A way out was to relax the strict NFC principle and allow for tree-level FCNCs. Plenty of possi-
bilities arose along this way. The initial attempts stuck to permutation symmetry groups with various
representation assignments, in particular S3 [92, 93, 94, 95] and S4 [96, 97, 98] symmetry groups. Larger
discrete groups were also contemplated [99]. Quite remarkably, such models led to interesting relations
between mixing and masses, which in the beginning on 1980s were compatible with experiment. We
will cover these early examples in section 4.1.
As the measurements of the flavor physics parameters were getting more precise, it became increas-
ingly difficult to accommodate them in a minimalistic, symmetry based construction. Another source of
worries was that the top-quark mass was predicted by most of the early symmetry-based models to lie
in the 20-30 GeV range, which was soon ruled out experimentally. More sophisticated models such as
Ma’s four-Higgs-doublet model with S3×Z3 symmetry [100, 101] were introduced. Also, the experience
gained with the symmetry-based multi-Higgs models made it clear that the global symmetries must
eventually break completely if one wants to produce the physical quark masses, mixing, and CP vio-
lation [102]. It all suggested that the relation between symmetries and observables was less immediate
and probably less beautiful than initially anticipated. The search carried on but with reduced intensity,
also taking into account that the gauge unification models and supersymmetry attracted much attention
in the 80-90’s. It is from the latter, however, that an extra support arrived and motivated many to look
deeper into the phenomenology of 2HDM, which reproduces the scalar sector of MSSM, the minimal
supersymmetric extension of the SM [103, 104, 13]. Interest in the phenomenology of models with more
than two doublets was also revived, see [105, 106, 107, 108] to mention a few key works.
In the meantime, models with Higgs fields in other SU(2)L representations such as singlets [109, 110]
and triplets [111, 112, 113, 114, 115, 116, 117] started to appear in 1980’s. Triplets were summoned
as one of the sources of neutrino masses [111, 112, 113, 114, 118, 119] and also in the search of novel
phenomenological signals, especially when the large vevs are compatible with the ρ-parameter equal to
one, as in the Georgi-Machacek model [115, 116]. In contrast, gauge singlets lead to less remarkable
phenomenology but have interesting astroparticle and cosmological consequences such as natural dark
matter (DM) candidates and a strong electroweak phase transition in the early Universe.
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One of motivations to build models with extended scalar sectors was the search for predictive models
of neutrino masses and mixing. The evidences for neutrino oscillations were accumulating through the
80-90’s [120], which necessitated explanations of the tiny neutrino masses [121]. The seesaw paradigm
emerged [122, 123, 124] and the Higgs triplets appeared to be a convenient means of giving small masses
to Majorana neutrinos through the seesaw Type II mechanism [112, 113, 114, 118, 125]. As for the
neutrino mixing pattern, two possibilities for the solar oscillation parameters coexisted for some time:
the small-angle and large-angle solutions. Many believed that neutrino mixing pattern was hierarchical
similarly to the CKM matrix, and the models of that time reflected this expectation, see e.g. the
S3 × Z3 model [101]. Early 2000’s brought a strong shift of the perspective, as the large-angle solution
was confirmed, and the neutrino oscillation parameters started to display the tri-bimaximal pattern,
hinting at a possible symmetry-based origin [126, 127]. A detailed description of the plethora of neutrino
mass models, many of which were based on several Higgs doublets or triplets as well as on multiple
gauge-singlet scalars called flavons, can be found in the reviews of that epoch [128, 129] and in the more
recent ones [130, 131, 132, 133]. Although such models usually involve other fields apart from extra
Higgses, the Higgs sector often plays an important role.
At present, models with extended scalar sectors often aim to simultaneously explain several weak
points of the SM. Typically, when proposing a specific model, one looks at its collider predictions, checks
its compatibility with the LEP and LHC searches, with the electroweak precision tests, with the flavor
physics data including rare B-meson decays, and with the Higgs boson measurements. It is of course
desirable that the model alleviates one or several a-few-sigma deviations, which are still standing. If
the model contains DM candidates, one calculates their relic abundance, scattering on visible matter,
decay and annihilation patterns, and compares the results with cosmological data, with the direct DM
detection constraints, and checks for possible astrophysical signals.
Two decades ago, when one was comparing a model with experimental data, one would typically
show functional dependences of the observables on the free parameters of the model. With the present
day computer power, it is customary to perform extensive numerical scans of the multi-dimensional
parameter space and present the results in the form of scatter plots. When doing so, one should keep
in mind that numerical scans of multi-dimensional spaces with non-trivial boundaries may miss special
“pockets” of parameter space with non-typical predictions for observables. Also, in the last decade,
if one suggests that experiments check a specific New Physics model, one often produces “benchmark
points”: a selection of parameter sets displaying the most characteristic features of the model.
Building concrete models and comparing them with the data is not the only direction of re-
search. Many works, staying on a more formal side, aim to understand fundamental and mathematical
symmetry-related issues at the interplay of family symmetries and CP -invariance, explicit and sponta-
neous breaking of various symmetries, fermion masses and mixing, structures in the scalar potential,
and others. This complementary activity looks to derive rigorous results which can be applied to broad
classes of models. Bypassing the trial-and-error method, they should guide the phenomenology-oriented
bSM model building activity through the meander of subtle mathematical properties of their models.
Examples of these works will be mentioned in sections 3 and 4.
1.4. Computer tools
Computer tools play a vital role in focused exploration of collider phenomenology and astroparticle
signals of bSM models. These tools can be grouped into several categories. “Theory front-end” calcula-
tors implement specific bSM models, generate vertices, and transfer them to event generators. Versatile
general-purpose matrix element generators such as MadGraph [134], CalcHEP [135], and Sherpa [136]
construct and evaluate Feynman diagrams corresponding to a desired process, and then feed the result-
ing hard process to hadronization codes such as Pythia [137]. On the dark matter front, MicrOMEGAs
[138] computes DM observables in generic extensions of the SM. Practical introduction into some of
these tools can be found in lectures by Kong [139] and Vicente [140].
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Specialized tools check consistency of predictions of a given model with the available experimental
results. Models with extended scalar sectors typically contain a variety of novel Higgs bosons which
can be produced at colliders and predict modifications of the 125 GeV Higgs properties with respect
to the SM. Checking the compatibility of these predictions with the body of experimental results from
LEP, Tevatron, and the LHC is conveniently done via public codes HiggsBounds, the latest version 4
described in [141], and HiggsSignals [142].
The software package SARAH [143, 144] based on the computer algebra system Mathematica allows
the user to implement and conveniently explore their favorite SUSY and non-SUSY models. It an-
alytically calculates mass matrices, tadpole equations, vertices, one-loop corrections to tadpoles and
self-energies, as well as two-loop renormalization group equations (RGE). Its output can be interfaced
to numerical codes such as SPheno [145] which solves RGE and calculates the mass spectra and various
key phenomenological quantities, or Vevacious [146], a dedicated tool which efficiently minimizes com-
plicated scalar potentials. It first finds all extrema of the tree-level potential via homotopy continuation
method [147] and then uses them as seeds for gradient-based minimization of the one-loop effective
potential. For metastable minima, it evaluates the tunneling time into the deeper one. The analysis of
numerous lepton and quark flavor observables is automatized with the interface tool FlavorKit [148]
built upon SARAH and SPheno.
Two other packages, HEPfit [149] and GAMBIT [150], which are being developed now, will provide
public versions of fitting codes to facilitate testing user’s bSM models against various experimental
constraints.
Although many extended scalar sectors are already included in general-purpose event generators,
there exist several “theory front-end” calculators designed for specific Higgs sector. CP -conserving two-
Higgs-doublet model was among the first to be implemented in a specialized tool 2HDMC [151]. ScannerS
[152] is another code aiming for detailed analysis of parameter spaces in generic multi-scalar potentials.
It minimizes the potential, checks for tree-level unitarity constraints, and when doing so, it takes into
account symmetries of the potential. As for now, the code includes complex singlet extension, with and
without DM candidates, and 2HDM.
The Georgi-Machacek model, a custodial-symmetry preserving triplet model, was implemented in
the specialized calculator GMCALC [153]. Together with FeynRules and MadGraph5, a fully automated
tool chain was built in [154] and used to generate the NLO distributions at the LHC and to explore in
detail the LHC signals of the Georgi-Machacek model.
2. The Brout-Englert-Higgs mechanism in the Standard Model
2.1. Abelian Higgs model
To keep the exposition pedagogical and to set up notation, we begin with a recap of the Brout-
Englert-Higgs mechanism in the simplest setting known as the Abelian Higgs model. This is the
quantum electrodynamics (QED) with the spontaneous symmetry breaking phenomenon to render the
gauge boson massive. For completeness, we mention another path to the massive U(1) gauge theory
based on the Stueckelberg mechanism, see [155] for a review, but it cannot be easily incorporated in
the standard electroweak picture.
Consider the QED lagrangian:
LQED = −1
4
FµνF
µν + ψ¯(iDµγ
µ −m)ψ , (1)
where Dµ = ∂µ − igqAµ is the covariant derivative, with Aµ(x) being the gauge field, and Fµν =
∂µAν − ∂νAµ. The field ψ(x) describes the Dirac electron with charge q in units of the coupling
constant g. This theory has the U(1) gauge symmetry: the lagrangian is invariant under the local
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phase rotations of the electron field and simultaneous shifts of the gauge field:
ψ(x)→ eiqα(x)ψ(x) , Aµ(x)→ Aµ(x) + 1
g
∂µα(x) . (2)
Quantization of the electromagnetic field Aµ requires introduction of a gauge-fixing term and leads to
the massless photon.
We now want a similar theory based on gauge symmetry but with a massive photon. Adding the
mass term by hand Lmass = −m2AAµAµ/2 does not work because this term is not gauge invariant. The
Abelian Higgs mechanism is a way out in this situation. We introduce a complex scalar field Φ(x) with
charge qφ which participates in the gauge interactions and interacts with itself via the scalar potential
V :
L = LQED + (DµΦ)∗(DµΦ)− V (Φ) . (3)
Here, Dµ = ∂µ − iqφgAµ when it acts on the scalar field. We build V (Φ) as polynomial of Φ†Φ, and to
keep the theory renormalizable, we limit ourselves by quadratic and quartic terms:
V (Φ) = −µ2|Φ|2 + λ|Φ|4 . (4)
Positive λ is a must if we want the potential to be bounded from below and have a stable vacuum.
The coefficient µ2 can have either sign; negative µ2 leads to the usual theory of a massive scalar field
and a massless gauge boson, while for positive µ2, the vacuum state of the theory changes and the
Higgs phenomenon takes place. To obtain the ground state of the theory, we minimize the potential
(4) and find 〈Φ(x)〉 = veiα/√2, where v ≡ √µ2/λ. The phase α is unconstrained but its exact value
is unphysical: whatever value we choose, we can set α = 0 by the global symmetry transformation. At
this moment, the global symmetry present in the initial scalar potential is broken spontaneously. The
model passes from the “symmetric” to the “Higgs” phase. When the vacuum expectation value (vev)
is fixed, we can expand Φ(x) around it as
Φ(x) =
1√
2
[v + h(x) + iη(x)] , (5)
where the two real neutral fields h and η describe deviations in the radial and angular directions on
the complex Φ(x) plane. To analyze the physical degrees of freedom and their masses, we expand the
lagrangian up to second order in fields:
L = LQED + 1
2
(∂µh)
2 + µ2h2 +
1
2
(∂µη − gqΦvAµ)2 + interactions, (6)
where the omitted interaction terms are cubic and quartic combinations of fields h, η, and Aµ. The real
field h(x) describes excitations with mass m2h = 2µ
2, but η is intrinsically coupled with Aµ, and the two
fields can directly transform one into another.
A brief but important remark: if the theory were not gauged, then the last term in (6) would be
just the kinetic term for η. Since the potential does not produce the η2 term, this field is massless. This
is the simplest case of the Goldstone theorem [40, 41]: spontaneous breaking of a continuous global
symmetry leads to massless scalar fields.
In the gauged theory, both η and Aµ are dynamical fields which mix with each other. As a result,
there emerges a way to recast the scalar field η in the form of an additional polarization state of the
vector field Aµ. This is most efficiently done if, instead of (5), we express Φ(x) in the Higgs phase as
Φ(x) =
1√
2
[v + h(x)]eiη(x)/v . (7)
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Although we use here the same letters h and η and the linear terms of the expansion around the
vacuum coincides with (5), these fields differ from those in (5) in their interactions. The lagrangian
now resembles (6)
L = LQED + 1
2
(∂µh)
2 +
1
2
(∂µη − gqΦvAµ)2
(
1 +
h
v
)2
− V , (8)
where V depends only on v + h but not on η. This is now an exact expression, not a second order
approximation as (6). The new fields h and η have simple gauge transformation properties: the law (2)
is accompanied by the change η(x)→ η(x) + qΦvα(x) [which is to be read as η(x) = ηnew(x) + qΦvα(x)],
while h(x) remains unchanged. Whatever the scalar field configuration we consider, we can always
remove η [that is, set ηnew(x) = 0] by selecting the gauge transformation parameter α(x) = η(x)/qΦv.
In this way, the field η completely disappears from the lagrangian. The disturbing term becomes simply
the mass term for the vector field Aµ: mA = gqΦv. The bracket (1 +h/v)
2 leads to hAµA
µ and hhAµA
µ
vertices being directly proportional to m2A.
In short, the physical degrees of freedom reorganize themselves: we started with 2 real d.o.f. in
Φ and 2 transverse d.o.f. in Aµ and ended up with one real h and 3 d.o.f. in Aµ. The gauge boson
becomes massive, while the massless scalar dictated by the Goldstone theorem disappears (“eaten” by
the vector boson). This is the hallmark feature of the Brout-Englert-Higgs mechanism. Note that when
removing η(x) everywhere, we fixed the gauge via condition ηnew(x) = 0: although η disappeared from
the lagrangian, it echoes in the gauge-fixing condition. The good feature of this gauge choice is that all
interactions the lagrangian encodes involve only physical, propagating, detectable degrees of freedom.
The evolution of any initial state will automatically be unitary, giving the name “unitary” to this gauge
[156, 157].
Although the unitary gauge nicely reveals the physical degrees of freedom, it leads in practical
calculations to the same problems as the ordinary massive vector field whose mass is introduced by
hand. Green’s function for vector boson propagation
Gµν =
1
k2 −M2
(
gµν − kµkν
M2
)
(9)
does not fall as 1/k2 as k2 → ∞, leading to dangerous accumulation of extra powers of momentum
in loops. If the massive vector boson interacts with a conserved current, then the contribution of the
dangerous term in (9) vanishes and we are safe. But if the bosons interact with non-conserved currents,
as it happen with weak interactions, the theory becomes nonrenormalizable. Since the numerator of (9)
is essentially the polarization density matrix, one can identify the source of the troubles: the longitudinal
polarization. For highly relativistic boson, it becomes nearly aligned with kµ/M , its components linearly
grow with energy and contribute to extra divergences in loops.
Nevertheless, the Higgsed gauge theory is renormalizable, as proved by ‘t Hooft and Veltman [62, 63];
this fact is just obscured by an unfortunate gauge choice. A better gauge-fixing procedure, known as
the renormalizable Rξ gauge, is to complement the lagrangian (3) with the following gauge-fixing term
Lgf = − 1
2ξ
(∂µAµ + gqΦvξη)
2 . (10)
Combined with (6), it puts the mixing terms in the form of full derivative which, assuming the appro-
priate boundary conditions, can be dropped out. The quadratic terms become diagonal and describe
two fields, the massive Aµ and the massive unphysical Goldstone field η, whose Green’s functions are
Gµν =
1
k2 −M2
(
gµν − (1− ξ) kµkν
k2 − ξM2
)
, Gη =
1
k2 − ξM2 . (11)
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For any finite ξ, all propagators behave as 1/k2 for k2 → ∞. The presence of gauge parameter ξ is
tolerated in the intermediate calculations; one just needs to make sure that it drops out in physical
observables. In the limit ξ →∞ we approach the unitary gauge: we formally recover the ordinary heavy
vector boson propagator (9) while the scalar field becomes infinitely massive and drops out. Thus, the
apparently pathological properties of loop diagram in the unitary gauge arise from the fact that we
took ξ →∞ limit before evaluating the loop integral. If we do it after loop integration, then the result,
being ξ-independent, allows for this limit.
2.2. The Brout-Englert-Higgs mechanism of the SM
The Glashow-Weinberg-Salam theory of electroweak interactions [7, 8, 9, 156] is based on the gauge
group SU(2)L × U(1)Y . The covariant derivative is written generically as
Dµ =
(
∂µ − ig′Y
2
Bµ
)
I− igTiW iµ , (12)
where g and g′ are the gauge coupling constants, Ti are the SU(2) generators in the corresponding
representation (absent for singlets and σi/2 for doublets), and I is the identity matrix. By construction,
the SU(2)L subgroup of transformations affects the left-handed fermions, which form a doublet L =
(νL, eL)
T for leptons, QL = (uL, dL)
T for quarks (we assume one fermion generation for the moment),
but not the right-handed fermions, which are singlets. The triplet of gauge fields W iµ, i = 1, 2, 3, is in
the adjoint representation of SU(2)L. The gauge field Bµ for the U(1)Y subgroup couples to the left-
and right-handed fermions via their respective hypercharges Y , which are summarized in Table 1. The
uL dL uR dR νL eL [νR] eR
Y 1
3
1
3
4
3
−2
3
−1 −1 0 −2
T3
1
2
−1
2
0 0 1
2
−1
2
0 0
Table 1: Hypercharge and T3 assignments for the SM fermions.
pattern of fermion couplings to the SU(2)L fields is fixed by the group structure, but the Abelian group
U(1)Y does not restrict the values of fermion hypercharges at the classical level. When constructing the
theory, we set them as free parameters, and only later, after the electric charge is derived in terms of
Y and T3, see Eq. (15), we recover the values of Y . In that sense, Table 1 uses a posteriori information
of fermion properties. In this Table [νR] indicates the hypothetical right-handed neutrino, which is
absent in the minimal SM, but which, even if added, is electroweak-blind. The Higgs sector of the SM
is built upon one doublet of complex scalar fields of hypercharge Y = 1, which is usually written as
Φ = (φ+, φ0)T . The superscripts “+” and “0” allude to the electric charges of the corresponding fields.
Again, this is an a posteriori piece of information, which emerges after choosing the vacuum; for the
moment, one should just view them as two independent components of Φ.
With all these conventions, the electroweak lagrangian of the minimal SM for a single lepton gener-
ation takes the following form:
L = −1
4
W iµνW
µν,i − 1
4
FµνF
µν + |DµΦ|2 − V (Φ)
+ iL¯Dµγ
µL+ ie¯RDµγ
µeR − fe(L¯eRΦ + Φ†e¯RL) . (13)
The tensors W iµν = ∂µW
i
ν − ∂νW iµ + gijkW jµW kν and Fµν = ∂µBν − ∂νBµ are the field strengths for the
SU(2)L and U(1)Y groups, respectively. Unlike in the U(1) case, no mass term for the fermions is now
allowed, as the left- and right-handed fields transform differently.
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Just as in the Abelian Higgs model, the Higgs potential of the SM is assumed to have the same
shape as in (4): the famous “Mexican hat” in the 4-real-dimensional space of scalar fields. Its minimum
is attained on the 4-sphere of radius v parametrized as
〈Φ〉 = eiα0+iαiσi 1√
2
(
0
v
)
, (14)
which spontaneously breaks the global symmetry. Parameters α0, αi are unconstrained by minimization,
but whatever values they take, they can be removed by a global SU(2) × U(1) rotation. Setting
α0 = αi = 0, we fix the Higgs vacuum and expand the scalar field around it. It is only after this choice
that the superscripts “+” and “0” in the Higgs field components and the labels νL and eL inside the
doublet L become justified.
Since the field 〈φ0〉 with Y = 1 and T3 = −1/2 acquires a non-zero vev, these two quantum numbers
are not conserved separately. What is conserved is their linear combination
Q = T3 + Y/2 , (15)
which is zero for the vacuum state and which can now be calculated for all other fields. Coupled to this
charge is the residual gauge interaction, a specific subgroup of SU(2)L × U(1)Y denoted as U(1)EM ,
which leaves the vacuum invariant. It is identified with the electromagnetic interactions described with
the field Aµ, which couples other fields proportionally to their electric charges Q.
To explore the bosonic sector, we express the Higgs doublet as
Φ(x) = eiη0(x)/v+iηi(x)σi/v
1√
2
(
0
v + h(x)
)
, (16)
insert it into the Higgs kinetic term |DµΦ|2, and keep track of terms quadratic in fields. We find, in
addition to (∂µh)
2/2, the following expression
1
2
(gv
2
W 1µ − ∂µη1
)2
+
1
2
(gv
2
W 2µ − ∂µη2
)2
+
1
2
(
gv
2
W 3µ −
g′v
2
Bµ + ∂µη0 − ∂µη3
)2
. (17)
The field combination in the last bracket is usually written as g¯Zµ/2, where Zµ = cWW
3
µ − sWBµ and
the weak angle θW is defined via
cW ≡ cos θW = g/g¯ , sW ≡ sin θW = g′/g¯ , g¯2 ≡ g2 + g′2 . (18)
In the unitary gauge, we use gauge transformation of W 1µ , W
2
µ , and Zµ to eliminate η1, η2, and η0 − η3.
This fixes the gauge up to the unconstrained η0 + η3, which de facto was absent in (16). Then Eq. (17)
produces the mass terms for the vector bosons Zµ and W
±
µ ≡ (W 1µ ∓ iW 2µ)/
√
2:
g2v2
4
W−µ W
+µ +
g¯2v2
8
ZµZµ ≡ m2WW−µ W+µ +
1
2
m2ZZµZµ , mZ =
g¯v
2
, mW =
gv
2
. (19)
The combination Aµ = sWW
3
µ + cWBµ orthogonal to Zµ remains massless and is identified with the
photon. For the inventory of the bosonic degrees of freedom, we write the Higgs doublet as
Φ = 〈Φ〉+ 1√
2
(
φ1 + iφ2
h+ iφ3
)
. (20)
In the starting lagrangian we had 4 (Higgs doublet), 3× 2 (massless W iµ), and 1× 2 (massless Bµ) = 12
degrees of freedom. In the Higgs phase, they regroup as 1 (the Higgs boson), 3 × 3 (massive W± and
Z), and 1× 2 (massless photon).
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Next, we check how the reshuffling of the bosonic degrees of freedom affects the fermionic kinetic
sector. To identify the residual gauge symmetry with the electromagnetic interactions, we need to
demonstrate the vector-like coupling of the fermions to Aµ. We take the fermion kinetic terms in the
lagrangian (13), express all gauge fields in terms of Aµ, Zµ, and W
±
µ , and keeping track of Aµ interactions
only, obtain
LEM = ie¯L
(
∂µ − ig¯cW sW YL − 1
2
Aµ
)
γµeL + ie¯R
(
∂µ − ig¯cW sW YeR
2
Aµ
)
γµeR . (21)
With YL = −1 and YeR = −2, the two terms have equal coefficients and can be grouped as ie¯(∂µ −
ieQAµ)γ
µe, with the new coupling constant e = g¯cW sW = gg
′/g¯ and with the electron charge Q = −1.
In the same way, one derives that Zµ couples to fermions proportionally to the combination T3− s2WQ,
which is different for left- and right-handed fields. As the result, the weak neutral current is
LNC = g¯
2
ψ¯γµ
[
(T3 − 2s2WQ)− T3γ5
]
ψ Zµ =
g¯
2
JµNCZµ , (22)
where ψ is either ν or e. The charged currents mediated by the W± bosons affect only the left-handed
fermions and arise from the non-diagonal elements of the covariant derivative matrix:
LCC = g
2
√
2
ν¯γµ(1− γ5)eW+µ + h.c. =
g
2
√
2
(JµCCW
+
µ + J
µ †
CCW
−
µ ) . (23)
In the low-energy limit, one recovers the phenomenological V − A theory of weak interaction. The
W -exchange between two charged currents reduces to the pointlike current-current interaction with
the coupling g2/8m2W = GF/
√
2, which allows to determine the Higgs vev v ≈ 246 GeV. Knowing
e = gsW = g
′cW and measuring θW via neutrino scattering, one can obtain g and g′ and predict the
masses of the W and Z-bosons. These predictions were nicely confirmed in 1983 by the UA1 and UA2
experiments at CERN in [158, 159].
One can also use the neutral currents to establish the same link. The Z-boson exchange leads in
the low-energy limit to the neutral-current interaction
LeffNC =
g¯2
8m2Z
JµNCJ
†
NCµ ≡
GF√
2
ρ JµNCJ
†
NCµ . (24)
The ρ-parameter defined by this relation quantifies the possible difference between the strength of the
neutral and charged weak currents at low energies. The SM predicts [160] that
ρ =
m2W
m2Z
· g¯
2
g2
= 1 (25)
up to loop corrections, which was experimentally verified to high accuracy: ρexp = 1.00037(23) [161].
The tree-level result ρ = 1 is the manifestation of a hidden approximate symmetry in the SM Higgs
sector called custodial symmetry. Recall that the anti-fundamental representation of the group SU(2)
can be mapped to the fundamental one: Φ˜ = iσ2Φ
∗ = (φ0∗,−φ−)T . It has a different hypercharge than
Φ, but in the limit g′ → 0 this distinction becomes irrelevant. One can then construct the bidoublet
Φˆ = (Φ˜,Φ) =
(
φ0∗ φ+
−φ+∗ φ0
)
, (26)
and rewrite the Higgs lagrangian in terms of Φˆ, for example Φ†Φ = Tr[Φˆ†Φˆ]/2. Now the lagrangian
has global symmetry group SU(2)L×SU(2)R: Φˆ→ exp(iαiLσi/2)Φˆ exp(−iαiRσi/2). The SU(2)L group
is promoted to the gauge group, while in SU(2)R, only one subgroup U(1)Y is gauged. In the Higgs
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phase, the bidoublet gets vev: 〈Φˆ〉 = diag(v, v)/√2, and since it is proportional to the unit matrix, it
is invariant under the diagonal subgroup SU(2)L × SU(2)R → SU(2)V with αiL = αiR. This residual
symmetry group is the custodial symmetry. In the limit g′ → 0 it leads to the SO(3)-invariance in
the space of massive W iµ fields, and eventually sets ρ = 1, which survives even in the real case when
custodial symmetry is approximate. For other scalar sectors, this construction can fail which we will
see in section 5.2.
Turning to the fermion masses, we notice that the toy model (1) already contained the U(1)-invariant
mass term mψ¯ψ for the Dirac fermion ψ(x). In terms of chiral fields, ψL and ψR, it is written as
mψ¯ψ = m(ψ¯LψR + ψ¯RψL) , (27)
and it mixes ψL and ψR. This mixing does not cause any problem for vector-like interactions. But now
ψL and ψR live in different representations of SU(2)L and have different hypercharges, so that the mass
term (27) is not gauge invariant anymore. However the same scalar field Φ can also take care of the
fermion mass. If we introduce Yukawa interaction via
Lf = yψψ¯LψRΦ + yψψ¯RψLΦ∗ , (28)
where yψ is a real Yukawa coupling constant, then the Higgs mechanism changes it to
Lf = mψψ¯LψR + mψ
v
ψ¯LψRh+ h.c. (29)
The fermion gains mass mψ = yψv/
√
2 and, in addition, couples to the Higgs boson proportionally to
its mass.
The full flavor sector of the SM contains three copies of leptons and quarks: Li, `Ri, QLi, dRi, uRi,
i = 1, 2, 3. The fermion kinetic and gauge part is flavor-diagonal:
Lf = i
∑
i
(
L¯iDµγ
µLi + ¯`RiDµγ
µ`Ri + Q¯LiDµγ
µQLi + d¯RiDµγ
µdRi + u¯RiDµγ
µuRi
)
. (30)
It enjoys the large [U(3)]5 global symmetry group and does not involve any new free parameters. The
Yukawa sector, in complete contrast, comes with many free parameters and does not possess non-trivial
global symmetries. It is usually parametrized as
−LY = L¯iΠij`jΦ + Q¯LiΓijdRjΦ + Q¯Li∆ijuRjΦ˜ + h.c. (31)
with three 3× 3 complex matrices Π, Γ, ∆. Notice that up-quark Yukawa interactions involve the same
Φ˜ as in (26) with Y = −1. In the Higgs phase, we replace Φ→ 〈Φ〉 and obtain the mass matrices:
M` =
v√
2
Π , Md =
v√
2
Γ , Mu =
v∗√
2
∆ , (32)
whose mass eigenstates are the physical fermions. They are diagonalized with biunitary transformations:
V †dLMdVdR = Dd = diag(md,ms,mb) , V
†
uLMuVuR = Du = diag(mu,mc,mt) , (33)
In the minimal SM, neutrinos are massless, and the diagonalization of the charged lepton matrix com-
pletes the lepton sector. For quarks, we have four independent unitary transformations, VdL, VuL, VdR,
VuR. The transformations of the right-handed fields do not lead to any physical effects as they cancel
out, by virtue of the singlet nature of the right-handed fermions, in the corresponding terms of Eq. (30).
The mismatch between VdL and VuL does have physical significance. The non-diagonal coupling between
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components of QL in Eq. (30), if written in terms of physical fermions d
ph.
L = V
†
dLdL and u
ph.
L = V
†
uLUL,
becomes
g√
2
(
u¯Lγ
µdLW
+
µ + h.c.
)
=
g√
2
(
u¯ph.L γ
µV dph.L W
+
µ + h.c.
)
, (34)
where the Cabibbo-Kobayashi-Maskawa matrix
V ≡ V †uLVdL (35)
describes the quark-family mixing in charged currents. The experimentally known V [162] has three
mixing angles and one complex phase, which leads to CP -violation [14]. In contrast, all tree-level
neutral currents remain flavor-diagonal. Indeed, rotation matrices cancel in u¯Lγ
µuL and in d¯Lγ
µdL,
therefore both Zµ and Aµ do not mix families. The Higgs boson h appears in the Yukawa interactions
in the combination v+h, and once fermion mass matrices are diagonalized, the Higgs-fermion couplings
are automatically diagonal. In short, the flavor-changing neutral currents (FCNC) are absent in the
SM at the tree-level and appear only in loops.
2.3. What is broken in the Higgs phenomenon?
At the basic level, one views the Brout-Englert-Higgs mechanism as a phase transition. One passes
from the electroweak-symmetric phase to the Higgs phase, in which the vacuum breaks the full elec-
troweak symmetry to the electromagnetic subgroup: SU(2)L × U(1)Y → U(1)EM . In the case of Higgs
phenomenon, the vev of the Higgs field plays the role of the order parameter, a quantity which usually
accompanies phase transitions. The symmetric phase corresponds to 〈Φ〉 = 0, while the broken phase
has 〈Φ〉 6= 0. This view is reflected in the often used terminology electroweak symmetry breaking
(EWSB) or spontaneous symmetry breaking (SSB), which alludes to spontaneous partial breaking of
the gauge symmetry.
But is the gauge symmetry actually broken spontaneously? In the above exposition of the Higgs
mechanism, there were two instances when a symmetry was broken. First, when we selected one
minimum out of infinite amount of equivalent minima, a spontaneous breaking indeed took place, but
only of a global symmetry. This minimum represents a vacuum, and in order to perturbatively describe
the quantum field theory, we need to quantize the fields. Quantization of gauge field theories requires
introduction of a gauge-fixing procedure, and during this procedure we break the gauge symmetry by
hand, explicitly, not spontaneously. Thus, the two notions, EWSB and SSB, are in certain sense correct,
but they do not refer to the same symmetry.
If electroweak symmetry is not broken spontaneously, will it be possible to describe the phenomenon
without breaking it altogether? Already in 1966, Higgs showed [60] that the lagrangian of the Abelian
Higgs model, at least in the classical theory, can be written in terms of gauge-invariant fields. Indeed,
let us slightly modify Eq. (7) by writing it as Φ(x) = ρ(x)eiβ(x)/
√
2. Then, focusing on the bosonic part
of the theory, we write lagrangian (8) as
L = −1
4
FµνF
µν +
1
2
(∂µρ)
2 − V (ρ) + 1
2
ρ2g2q2Φ
(
Aµ − 1
gqΦ
∂µβ
)2
, (36)
The gauge invariance in the form of correlated shifts of Aµ and β is still intact. Let us now introduce the
gauge invariant field Bµ ≡ Aµ − ∂µβ/gqΦ. If Φ(x) 6= 0 everywhere, then β(x) is uniquely defined, and
this change of variables is regular. The gauge field kinetic terms is simply Fµν = ∂µBν − ∂νBµ ≡ F (B)µν
(in general, this transition will contain isolated singularities [∂µ, ∂ν ]β(x) located at points of vanishing
Φ(x) [163]). Thus, the classical lagrangian becomes
L = −1
4
F (B)µν F
(B)µν +
1
2
(∂µρ)
2 − V (ρ) + 1
2
ρ2g2q2ΦBµB
µ . (37)
16
It contains only manifestly gauge invariant fields ρ and Bµ. The original U(1) gauge symmetry —
which is not a physical symmetry but just a redundancy of description, — is completely banished from
the theory. Nothing is transformed, no symmetry is involved, no symmetry breaking happens. The
model still has two phases, with 〈ρ〉 = 0 or 〈ρ〉 6= 0, but this has nothing to do with gauge symmetry
breaking. As Englert says in his Nobel lecture [54]: “... The vacuum is no more degenerate and strictly
speaking there is no spontaneous symmetry breaking of a local symmetry. The reason why the phase with
nonvanishing scalar expectation value is often labeled SSB is that one uses perturbation theory to select
at zero coupling with the gauge fields a scalar field configuration from global SSB; but this preferred
choice is only a convenient one.”.
Note however that this nice change of variable works only for the bosonic part of the theory. How
to extend this gauge-invariant formalism to the fermionic part of the lagrangian is not clear. For the
scalar field, its angular variable can be traded for the would-be Goldstone boson, while for the fermion
there is nothing to trade it for.
One might suspect that if one passes to the quantum theory, one will need to re-introduce gauge
transformations in order to fix the vacuum and the gauge-fixing procedure to describe the propagation
of the gauge bosons. In 1972-1973, B. Lee and Zinn-Justin published a series of four papers whose titles
explicitly mentioned “spontaneously broken gauge theories”, and the perturbative expansion was the
only tool available at that time [164]. However, Wilson showed in 1974 how to work with the quantum
gauge theory without introducing gauge-fixing procedure [165]. Using it, Elitzur proved in 1975 the
general theorem that truly spontaneous breaking of a local gauge symmetry is impossible [166]. The
argument relies on the fact that vacuum averaging of gauge-dependent operators such as 〈Φ〉 involves,
in the absence of explicit gauge-fixing term, averaging over the full gauge orbit, and leads to 〈Φ〉 = 0.
Only gauge-invariant operators can have non-zero vacuum averaging. The exploration of Higgsed gauge
theories on the lattice began, and in 1980, Fro¨hlich, Morchio, and Strocchi [167, 168] finally clarified this
somewhat confusing situation. They constructed the full set of gauge-invariant composite operators in
the SM and demonstrated that their mass gaps correspond to the masses of elementary excitations above
the vacuum in the standard, gauge-fixed formulation. For the simplest example, the gauge-invariant
composite operator Φ†(x)Φ(x) has in the Higgs phase the perturbative expansion v2/2 + Φ†0h(x) + . . . ,
and therefore 〈Φ†(x)Φ(x)〉 exhibits a mass gap equal to the mass of the Higgs boson h. The fermions are
also incorporated in this picture, since one works here with asymptotic states defined as gauge-invariant
correlators, not individual fermionic fields.
With modern computer power, this equivalence between masses of gauge-dependent fields (the Higgs
boson, W and Z) and the mass gaps in the spectra of the corresponding gauge-invariant operators can
be actually checked in numerical lattice gauge theory computations [169]. This work was recently
undertaken by Maas and collaborators within the SM [170]; the first steps towards checking it in the
two-Higgs-doublet model were also done [171]. In SM, the results of the gauge-invariant perturbation
theory of Fro¨hlich, Morchio, and Strocchi agree with the conventional perturbation theory and are
confirmed by the lattice simulations. However, this matching is not expected to be universal, as it
uses the special properties of the SU(2) group. There exist examples of Higgsed gauge theories with
larger gauge groups where the two approaches lead to different predictions [172, 169], and the lattice
simulations appear to confirm the predictions of the gauge-invariant perturbation theory. If this result
gets stronger support, it will send a radical message to the bSM community: “If this evidence could be
substantially improved, it appears necessary to reevaluate candidate theories for new physics.” [169].
In the last decade quite a few publications appeared which again bring up the meaning and signif-
icance of spontaneous gauge symmetry breaking. Chernodub, Faddeev, and Niemi recast in 2008 the
bosonic sector of the SM in the gauge-invariant formulation stressing the inapplicability of Elitzur’s
theorem once the gauge freedom disappears [163]. Once again, the fermionic part was not included.
Other insightful discussions of the proper definition of gauge transformations, gauge symmetry and its
possible spontaneous breaking, accompanied with delicate mathematics, include [173] and especially the
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recent talk by Strocchi [174], where he reiterates the basic points exposed al length in his book [175].
3. Two-Higgs-doublet models
3.1. Several Higgs doublets: generic features
Within the SM, the single Higgs doublet is overstretched. It takes care simultaneously of the
masses of the gauge bosons and of the up and down-type fermions. N -Higgs-doublet models (NHDM),
which are among the simplest extensions of the SM Higgs sector, relax this requirement. They are
based on the simple suggestion that the notion of generations can be brought to the Higgs sector.
Since the gauge structure of the SM does not restrict the number of Higgs “generations”, it needs to
be established experimentally, and anticipating future experimental results, one can investigate this
possibility theoretically. As a bonus, NHDMs lead to remarkably rich phenomenology. They allow
for signals which are impossible within the SM, such as several Higgs bosons, charged and neutral,
modification of the SM-like Higgs couplings, FCNC at tree level, additional forms of CP -violation from
the scalar sector, and opportunities for cosmology such as scalar DM candidates and modification of the
phase transitions in early Universe. Also, many bSM models including supersymmetry (SUSY), gauge
unification models, and even string theory constructions naturally lead to several Higgs doublets at the
electroweak scale.
The NHDM lagrangian uses N Higgs doublets φi (we now switch to the small Greek letter φ for the
doublets), i = 1, . . . , N , all having the same hypercharge Y = 1. This echoes in the scalar potential and
Yukawa interactions. The renormalizable Higgs self-interaction potential can generically be written as
V (φ) = Yijφ
†
iφj + Zijkl(φ
†
iφj)(φ
†
kφl) . (38)
The hermiticity of V implies that the coefficients satisfy Yij = Y
∗
ji, Zijkl = Z
∗
jilk, Zklij = Zijkl. For
N doublets, the general potential contains N2 + N2(N2 + 1)/2 real parameters: 14 for 2HDM, 54 for
3HDM, etc. These parameters must also comply with the requirements that the potential be bounded
from below to insure existence of the global minimum and that the minimum be neutral and not charge-
breaking, which is another exotic possibility absent in the SM. The values of the quartic coefficients
Zijkl cannot be too large in order not to overshoot the perturbative unitarity bounds [176, 177]. The
Yukawa sector is given by N copies of Eq. (31):
−LY = L¯Πi`φi + Q¯LΓidRφi + Q¯L∆iuRφ˜i + h.c. (39)
where we suppressed the fermion flavor indices. In the most general case, all matrices Πi, Γi, ∆i are
independent, with the number of free parameters skyrocketing to 54N . Even though many of them can
be removed by a scalar and fermion space basis change, the dimension of the physical parameter space
remains huge.
Once the scalar potential is written, the procedure for the SSB closely follows the SM. One minimizes
the potential and performs the global symmetry transformation to bring the vevs to the following form:
〈φ1〉 = 1√
2
(
u
v1
)
, 〈φi〉 = 1√
2
(
0
vi
)
, i = 2, . . . , N . (40)
In order for the vacuum to be neutral, not charge-breaking, u must be zero. There is no fine-tuning
associated with this requirement; neutrality of the vacuum can be guaranteed if the coefficients in front
of terms (φ†iφi)(φ
†
jφj)− (φ†iφj)(φ†jφi) are positive. Since all doublets couple to the gauge-bosons in the
same way, the W and Z masses are determined by the single value v2 = v21 + · · · + |vN |2, and, just as
in the SM, the ρ-parameter remains equal to one at tree level. Inserting the scalar vevs in the Yukawa
sector (39) produces the fermion mass matrices:
M` =
1√
2
∑
i
Πivi , Md =
1√
2
∑
i
Γivi , Mu =
1√
2
∑
i
∆iv
∗
i . (41)
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Their diagonalization proceeds in the same way as in the SM leading to the fermion masses and mixing.
The big difference now is that diagonalizing mass matrices does not necessarily diagonalize individual
Γ’s and ∆’s. As a result, even the SM-like Higgs boson can couple to fermion pairs in a way which
differs from their mass pattern and can induce tree level FCNCs. In a generic NHDM Yukawa sector,
these effects are so large that one needs to restrict them in order to comply with experimental bounds.
Multi-doublet models offer novel opportunities for CP -violation. Within the SM, it is put by hand:
it arises entirely from the Yukawa matrices which must be complex. In multi-doublet models, a relative
phase between vevs can arise just as a result of the minimization of the potential. This spontaneous
CP -violation was the original motivation by T. D. Lee to consider a model with more than one Higgs
doublet [75]. More subtle forms of CP -violation are also possible, see section 4.3.
Once the minimum of the Higgs potential is known, one can expand the potential around it and find
the spectrum of the physical Higgs bosons. Separation between the physical Higgses and the Goldstone
modes is especially clear in the so-called Higgs basis. Starting from the generic neutral vev alignment
(40), one can perform a global SU(N) transformation that brings vev to the first one 〈H01 〉 = v/
√
2
and sets all other 〈Hi〉 = 0. In this basis, the Goldstone modes fill the first doublet, just like in the
SM, while the physical Higgses populate the other doublets. Physical Higgses can, of course, mix across
the doublets, leading to N − 1 pairs of charged Higgses H±i and 2N − 1 neutral scalars, one of which
is the experimentally observed 125 GeV scalar h125. If the model is CP -conserving and if the vacuum
respects this CP symmetry, then the neutral scalars are classified as CP -even and CP -odd ones; for
rare exceptions to this rule, see sections 6.1.2 and 4.3.
Expressing all interactions via physical Higgses, one can proceed with calculation of observables.
The phenomenology of the resulting model depends to a large extent on how strong the mixing is for
the neutral scalars, in the Higgs basis, between the first doublet and the remaining ones. It often
happens in NHDM that all Higgses apart from the lightest one h125 are heavy, as they are governed by
different free parameters. A large mass difference typically leads to an alignment in the scalar sector:
the 125 GeV Higgs h125 resides almost entirely in the first doublet and is very SM-like. The couplings
of the other Higgses with the SM fields are suppressed, and the extra scalars essentially decouple from
the electroweak scale phenomenology [178, 179, 180, 181]. Notice however that alignment can also take
place without decoupling, which was illustrated for the 2HDM in [182, 183, 184]. In this case, the extra
scalars, being moderately light, are essentially gaugeophobic and, as a result, are poorly produced at
colliders and can avoid New Physics searches.
3.2. Building 2HDMs: the scalar sector
The two-Higgs-doublet model (2HDM) is the oldest and the most studied version of NHDM. Al-
though suggested by T. D. Lee back in 1973 [75, 76], it attracted in those early days less attention than
more elaborate scalar sectors, see section 1.3. Its exploration intensified in 1990s and especially in the
modern, LHC-dominated era. One strong motivation for this model was that the minimal supersym-
metric extension of the SM, the MSSM, contains two Higgs doublets [103, 104, 13, 19]. Even taken
out of the MSSM context, the 2HDM per se emerges as an interesting playground for the bSM scalar
sector. Within 2HDM, one can identify different regimes, which lead to distinct phenomenologies and
can be studied analytically and numerically. In the last decade it grew into a key bSM reference model
checked when one discusses New Physics searches.
2HDMs were extensively covered in the recent review [20]; the properties of the MSSM Higgs bosons
were described in great detail by Djouadi in [19]. Here, we will only repeat its main features and give
a selection of recent developments. We stress again that we do not pretend to exhaustively cover the
recent progress; we just want to demonstrate the challenges and the methods involved.
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The Higgs potential of the most general 2HDM is conventionally parametrized as
V = m211φ
†
1φ1 +m
2
22φ
†
2φ2 −m212φ†1φ2 − (m212)∗φ†2φ1 +
λ1
2
(φ†1φ1)
2 +
λ2
2
(φ†2φ2)
2
+λ3(φ
†
1φ1)(φ
†
2φ2) + λ4(φ
†
1φ2)(φ
†
2φ1) +
λ5
2
(φ†1φ2)
2 +
λ∗5
2
(φ†2φ1)
2
+
[
λ6(φ
†
1φ1)(φ
†
1φ2) + λ7(φ
†
2φ2)(φ
†
1φ2) + h.c.
]
. (42)
It contains 4 independent free parameters in the quadratic part (real m211, m
2
22 and complex m
2
12) and
10 free parameters in the quartic part (real λ1,2,3,4 and complex λ5,6,7). Envisioning renormalization
procedure, [185, 186] argued that the most general 2HDM scalars sector should also include the off-
diagonal kinetic terms κ(Dµφ1)†(Dµφ2) + h.c.. They can of course be eliminated by a non-unitary
basis change at any given order of perturbation series so that κ does not enhance the space of physical
possibilities. The parameters of potential (42) must satisfy stability constraints (the potential must be
bounded from below), the neutrality of the vacuum, and, in order for the perturbative expansion to make
sense and be reliable, perturbative unitarity constraints [176, 177]. Analyzing the most general 2HDM
potential with the straightforward algebra is technically challenging, and in order to proceed further
one either simplifies it by imposing symmetries or resorts to more elaborate mathematical methods.
3.2.1. Symmetries of the 2HDM scalar sector
The number of free parameters can be reduced, and the model becomes analytically tractable, if
one imposes additional global symmetries on the Higgs doublets. Anticipating the NFC principle for
the Yukawa sector in 2HDM, one often considers the simplified 2HDM potential with λ6 = λ7 = 0. The
quartic part of this potential is then invariant under
Z2 : φ1 → φ1 , φ2 → −φ2 , (43)
but the m212 term in the quadratic part, either real or complex, softly breaks this Z2 symmetry. With
this simplified quartic potential, its stability in the strong sense [187] implies [188, 20]:
λ1 > 0 , λ2 > 0 ,
√
λ1λ2 + λ3 > 0 ,
√
λ1λ2 + λ3 + λ4 − |λ5| > 0 . (44)
If in addition one sets m212 = 0, the Z2 symmetry becomes exact; the inert doublet model (IDM)
described in section 6.1.2 is based on such a choice. Furthermore, if λ5 = 0, the model acquires the
global U(1) symmetry φ1 → φ1, φ2 → eiαφ2 known as Peccei-Quinn symmetry [189]. In total, there
are six classes of family and CP -type symmetries which can be imposed on the Higgs sector of 2HDM
without producing accidental symmetries [190, 191]. If one disregards U(1)Y gauge interactions, then
even larger global basis changes are allowed, mixing φi with φ˜i. Within 2HDM, the full classification
of such symmetries was given in [192, 193]; the phenomenology of the so called maximally symmetric
2HDM based on the softly broken SO(5) symmetry group was presented in [184].
3.2.2. Basis-invariant methods
Coming back to the general 2HDM, we remark that not all of the 14 parameters in Eq. (42) are
physical. If one focuses on the scalar sector only, then there exists a large freedom to change the basis
in the (φ1, φ2) space, leading to reparametrization of the Higgs potential (the explicit expressions can
be found in [185, 194]). It allows one to remove three among 14 free parameters without affecting the
physical observables.
The freedom of basis changes brings up the issue of hidden symmetries. The potential can be
invariant under a certain non-obvious reflection in the (φ1, φ2) space, which after an appropriate basis
change becomes the Z2-symmetry (43), but its presence is hard to detect in the original basis. In order
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to cope with this challenge, one needs to describe the model in terms of basis-invariant quantities. The
presence of a symmetry leads to certain relations among basis invariants (for example, setting some of
them to zero), which can be checked in arbitrary bases. Technically, the basis invariants in the scalar
sector are constructed as various fully contracted products of tensors Yij and Zijkl in Eq. (38). This
formalism was developed in [195, 194, 196, 197, 198] and applied, in particular, to establishing the
basis-invariant conditions of explicit CP -violation. A weak point of the tensorial combinatorics is that,
when building invariants with higher and higher powers of Yij and Zijkl and contracting their indices
in many ways, one does not immediately know when to stop. Basis invariants form a finitely generated
algebraic system (a ring), and any basis invariant can be expressed as a polynomial of a finite set of
algebraically independent invariants. It is this minimal set of invariants that needs to be checked in any
basis if one wants to obtain the necessary and sufficient conditions for the symmetry to exist. However,
determining this set is a difficult task. Within 2HDM, it can be done in a relatively simple way with
the geometric bilinear approach described below. For more than two Higgs doublets, this minimal set
is not yet known, although the tensorial approach itself to constructing CP -odd basis invariants was
recently extended to N Higgs doublets and other non-minimal sectors [199].
Another set of basis-invariant methods was developed in mid-2000s by the Heidelberg group [200,
187, 201], Ivanov [202, 190, 203, 204], and Nishi [205, 206], although first hints at this methods appeared
even earlier [207]. This powerful technique is based on Higgs field bilinears and on geometric construc-
tions in their space. It was used to answer several questions pertinent to all 2HDMs, which were too
difficult for the straightforward algebra. In this technique, one introduces the real-valued four-vector of
bilinears
rµ = (r0, ra) , r0 = φ
†
iφi , ra = φ
†
i (σ
a)ijφj , a = 1, 2, 3 , (45)
and rewrites the Higgs potential (42) as
V = Mµr
µ +
1
2
Λµνr
µrν , (46)
with the usual Minkowski space convention for index contraction (e.g. Mµr
µ = M0r0−Mara). The four
free parameters m2ij are now grouped into components of Mµ,
Mµ = (M0,−Ma) =
(
m211 +m
2
22
2
, −Re (m212) , Im (m212) , m211 −m2222
)
, (47)
and the ten quartic free parameters λi fill the entries of the real symmetric matrix Λµν :
Λµν =
1
2

λ1+λ2
2
+ λ3 Re (λ6 + λ7) −Im (λ6 + λ7) λ1−λ22
Re (λ6 + λ7) λ4 + Re (λ5) −Im (λ5) Re (λ6 − λ7)
−Im (λ6 + λ7) −Im (λ5) λ4 − Re (λ5) −Im (λ6 − λ7)
λ1−λ2
2
Re (λ6 − λ7) −Im (λ6 − λ7) λ1+λ22 − λ3
 . (48)
Each rµ in (45) is in one-to-one correspondence with the electroweak gauge orbit in the space of doublets
φi. The map (45) from doublets φi to r
µ does not cover the entire 1 + 3-dimensional rµ space but
rather a region in it called the orbit space. In 2HDM, the orbit space is the cone defined by r0 ≥ 0,
rµr
µ = r20 − r2a ≥ 0. The minimum of the Higgs potential is represented by a point on or in this cone:
the apex corresponds to the electroweak-symmetric vacuum, a point on the surface corresponds to the
normal neutral vacuum, a point in the interior leads to a charge-breaking vacuum.
When passing from Higgs doublets to bilinears, the space we work in becomes more complicated
but the object we study gets simpler. The potential V is now a quadratic rather than quartic function
of variables. This makes it possible to write the stability conditions for the general 2HDM in closed,
compact, and basis-invariant form [187, 190], derive necessary and sufficient conditions for CP -violation,
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both explicit and spontaneous [202, 205, 201, 191], compute the number of extrema and minima [200,
187, 203], list all possible global symmetries and symmetry-breaking patterns the 2HDM potential can
have [190, 203, 191] and study their behavior under renormalization [208, 209], to compute the masses
of the physical Higgs bosons [210], and construct the full tree-level phase diagram of 2HDM [204].
The search for the minimum can be recast in geometric [203] or algebraic form [200, 187], and can be
conveniently implemented in computer codes using the Groebner bases technique [211] or polynomial
homotopy continuation method [147]. In short, practically all structural issues of the tree-level Higgs
potential in 2HDM can be efficiently dealt with using the bilinear formalism. One aspect which has
not yet been treated with bilinears is the explicit expression for the perturbative unitarity constraints
[176, 177]. For softly broken Z2 symmetry they take rather simple form [212]. In the most general
2HDM, they were derived as constraints on the eigenvalues of four by four scattering matrices in
various two-boson scattering channels [213], but its basis-invariant expressions are not known.
3.2.3. Minimization of the potential. Global vs. local minimum
The global minimum of the potential gives the vevs of the Higgs fields:
〈φ01〉 =
v1√
2
=
v√
2
cos β , 〈φ02〉 =
v2√
2
eiξ =
v√
2
sin βeiξ , tan β =
v2
v1
, (49)
with real v1, v2. Without loss of generality, the angle β can be limited to the first quadrant [17]. In
principle, given the potential (42), the location of the global minimum must follow from the minimization
conditions. However, in the most general 2HDM it cannot be explicitly expressed in the parameters.
Setting all first derivatives to zero leads to a system of coupled non-linear equations or to a single
algebraic equation of order six [200, 187].
If the direct minimization of a given potential is hard, one can revert the problem by first choosing
the desired vevs and then fixing the quadratic parameters m2ij through the minimization condition, see
[214] and Eq. (195) of [20]. In this way, one ends up with a 2HDM potential whose minimum is known
by construction. But it leads to another problem: the same tree-level scalar potential can have another,
deeper minimum. This second minimum, even if it exists, cannot be charge-breaking: as shown in
[215, 216], the presence of a neutral minimum makes any possible charge-breaking extremum a saddle
point. However, the 2HDM tree-level potential can possess at least two [217] — and at most two [203]
— neutral minima at different depths. Thus, it is not guaranteed that the minimum one starts with is
the global one. If we knew the location of the second minimum, it would be straightforward to check
which one is the deepest, but finding it is no easier than the initial problem of minimization of a given
potential.
Fortunately, the same bilinear formalism provides a practical method to check whether the se-
lected minimum of the tree-level potential is indeed global [218, 219, 220]. For example, within the
CP -conserving 2HDM with softly broken Z2, one simply needs to evaluate the sign of the following
discriminant D [219]:
D = m212(m
2
11 − k2m222)(tan β − k) , k ≡ 4
√
λ1/λ2 . (50)
If D > 0, then the minimum is definitely global, being either the only one or the deepest among the two.
If D < 0, we have chosen the local minimum, which is metastable. This quick decision uses only local
information, as it avoids the need to search for the second minimum, and it is convenient for numerical
scans of the parameter space. In the general 2HDM, the expression for D is more involved, but still the
presence of an extra deeper minimum can be detected via a quick and efficient algorithm [220].
3.2.4. Physical Higgs spectrum
The physical scalar sector of 2HDM consists of three neutral scalars and a pair of charged Higgs
bosons H± [13]. Rephasing the second doublet to make its vev real and positive [185], one expands the
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Higgs doublets around minimum as
φ1 =
(
ϕ+1
1√
2
(v1 + η1 + iχ1)
)
, φ2 =
(
ϕ+2
1√
2
(v2 + η2 + iχ2)
)
. (51)
The Goldstone modes are G± = cβϕ±1 + sβϕ
±
2 and G
0 = cβχ1 + sβχ2. The orthogonal combinations are
the physical charged Higgs boson H± = −sβϕ±1 + cβϕ±2 , and the neutral field η3 = −sβχ1 + cβχ2. In
general, the three neutral scalars ηi mix giving rise to the three neutral Higgs bosons: (H1, H2, H3)
T =
R(η1, η2, η3)T , with the rotation matrix R parametrized with three angles α1, α2, α3. For the most
general 2HDM, the neutral mass matrix can be written in different bases, see [214, 185] and two different
forms in section 5.10 and Appendix C of [20], as well as in the basis independent form [198] and with
the bilinear technique [190, 210]. Its explicit analytical diagonalization in terms of the parameters is
cumbersome but still manageable [214].
h
Hβ
α
Higgs basis
mass eigenstates
h′1
h′2
η1
η2
Figure 1: Three bases in the space of CP -even neutral scalar fields: the original basis (η1, η2), the Higgs basis (h
′
1, h
′
2),
and the basis of mass eigenstates (H,h).
If the model is CP -conserving, then η3 ≡ A decouples in the mass matrix from the first two and
becomes the CP -odd pseudoscalar. The two CP -even scalars mix and give rise to the mass eigenstates
H = cαη1 + sαη2 and h = −sαη1 + cαη2, with the convention that h is the ligher of the two. The mixing
angle α is usually defined from −pi/2 to pi/2; alternative definitions are sometimes used. The relation
among the three bases in the space of CP -even neutral fields is visualized in Fig. 1. The original basis
(η1, η2), in which the fermion sector featuring natural flavor conservation takes the simplest form, is
rotated by angle β to obtain the Higgs basis (h′1, h
′
2). In this basis, the vev is present only in the first
doublet, so that the gauge bosons interact only with h′1 but not h
′
2. The physical Higgses (H, h) form
the third basis, rotated by α with respect to the original one or by β − α with respect to the Higgs
basis. From here, one obtains the Higgs couplings to gauge bosons relative to the SM ξhiV V :
ξhV V = sin(β − α) , ξHV V = cos(β − α) , ξAV V = 0 . (52)
One immediately sees that 2HDMs, and in general NHDMs, predict that all such couplings are less
than one and they satisfy the following sum rule:
∑
i(ξ
hi
V V )
2 = 1 [221]. In the CP -conserving case, the
pseudoscalar boson A decouples from the gauge boson pairs at the tree level, which is easily seen in the
Higgs basis. The same logic also leads to the absence of the tree-level coupling H+W−Z [222, 13]; such
vertex can appear at tree level only in models with new scalars in higher-dimensional representations
of SU(2)L. Finally, expressions for the trilinear and quartic scalar interactions are listed in [185, 20].
The alignment limit corresponds to β − α → pi/2. In this case, the lightest neutral h is SM-like
Higgs and is identified with the experimentally observed h125. The second neutral Higgs H, even if it
is relatively light, decouples from the gauge-boson pairs. In the other limit, β ≈ α, the heavier state H
is SM-like, and a second, lighter Higgs is predicted.
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3.2.5. Reconstructing the potential via physical parameters
As mentioned above, instead of directly minimizing a given 2HDM potential, it is more convenient
in practice to fix the desired vevs and the masses of the physical Higgs bosons and then to reconstruct
the potential in terms of experimentally observable quantities. For example, the CP -conserving model
with softly broken Z2 contains 8 free parameters in the potential. One can trade them for v, tan β, the
masses of the physical Higgses mh, mH , mA, mH± , plus the CP -even mixing angle α and the remaining
Z2-breaking parameter m212. The quadratic coefficients m211 and m222 remain fixed by the extremization
(“tadpole”) conditions, while the quartic parameters can be expressed as [181, 185]
λ1 =
1
v2c2β
(
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2
H + s
2
αm
2
h −m212
sβ
cβ
)
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2
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2
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sβ
)
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λ3 =
2m2H±
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2
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v2s2β
− m
2
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, λ4 =
m2A − 2m2H±
v2
+
m212
v2sβcβ
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m212
v2sβcβ
− m
2
A
v2
.
It turns out however that a random scan over this parameter space often produces points which violate
perturbativity constraints. To optimize this computationally costly procedure, Haber and Stal [223]
proposed a “hybrid” basis of parameters for the CP -conserving model with softly broken Z2: v, mh,
mH , β − α, tan β, and three quartic couplings defined in the Higgs basis. In this basis, they produced
several carefully selected benchmark scenarios to be checked in detail at the LHC.
For CP -violating model with softly broken Z2, the expressions become more cumbersome [224, 225].
A study of the optimal choice of observable parameters in CP -violating 2HDM with softly broken Z2
symmetry was undertaken in [226]. The input parameters were chosen to be a single quadratic parameter
µ2, tan β, three angles αi of the neutral Higgs mixing matrix, and the masses of two neutral Higgses
and the charged ones. A strategy of determining these quantities via experimental measurements was
presented. This choice facilitated exploration of various regimes of CP -violation in the scalar sector of
2HDM.
For the most general 2HDM the problem is further complicated. Due to a large number of vertices
which could in principle be measured, the best choice of free parameters is far from obvious. The
approach of [226] was extended in [227, 228] to the general 2HDM bosonic sector, with a special focus
on detecting CP -violating features of the scalar potential. Another work [229] suggests to use, apart
from masses of all Higgs bosons and v, the couplings of two neutral Higgses to gauge bosons, three triple
couplings hiH
+H− and one quartic coupling H+H−H+H−. The eleven physical free parameters of the
potential can be expressed in terms of those observables, but of course their experimental determination
is very challenging.
3.3. Building 2HDMs: the Yukawa sector
As mentioned earlier, the completely general Yukawa matrices in (39) lead to wild fermion-family
mixing transitions via Higgs exchanges, which must be harnessed in the light of strong experimental
constraints from meson properties. This requirement has led to two large families of 2HDM Yukawa
sectors: those which completely forbid the tree-level flavor-changing neutral currents (FCNC) by imple-
menting the symmetry-protected natural flavor conservation (NFC) and those which do not, allowing
for FCNC but keeping them under control.
3.3.1. Natural flavor conservation
In 1976, Glashow and Weinberg [77] and Paschos [78] proved that a necessary and sufficient condition
for complete absence of tree-level FCNC is that all fermions with the same charges couple only to one
Higgs doublet. It can be achieved by imposing an extra global Z2 symmetry for each Higgs doublet which
flips its sign together with the signs of the corresponding right-handed fermions. The mass matrices (41)
for any fermion sector, leptons, up, and down-type quarks, are proportional to the single Yukawa matrix.
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As in SM, diagonalizing the fermion masses automatically diagonalizes the scalar-fermion interactions,
and no FCNC transitions occur at tree level.
In 2HDM, one imposes a single symmetry Z2, which selects one doublet and the fermions it couples
to. Connecting all fermions to doublets, one can construct four different types of 2HDM Yukawa
sectors with NFC [13, 230, 20], which are listed in Table 2. This traditional nomenclature is based on
the convention that right-handed up-quarks always couple to φ2.
model uR dR `R ξ
h
u ξ
h
d ξ
h
`
Type I φ2 φ2 φ2 cosα/ sin β cosα/ sin β cosα/ sin β
Type II φ2 φ1 φ1 cosα/ sin β − sinα/ cos β − sinα/ cos β
Lepton-specific φ2 φ2 φ1 cosα/ sin β cosα/ sin β − sinα/ cos β
Flipped φ2 φ1 φ2 cosα/ sin β − sinα/ cos β cosα/ sin β
Table 2: Yukawa sectors in the four types of 2HDM models with natural flavor conservation and couplings of the lighest
CP -even Higgs to fermions relative to the SM.
• Type I: all fermions couple to φ2, while φ1 remains inert in the fermion sector. The Z2 symmetry
consists in flipping only the sign of φ1. Since the fermions interact with neutral scalars only via
yf f¯fη2/
√
2 = (mf/v2)f¯fη2, and since the lightest CP -even Higgs boson h has projection cosα
on η2, its coupling to the fermions relative to the SM is ξ
h
f = cosα/ sin β and is the same across
all fermions. For the heavy neutral H, the relative coupling is ξHf = sinα/ sin β. Notice that in
the alignment limit, ξhf → 1 and ξHf → − cot β.
• Type II: all down-type fermions, dR and eR, get their masses from φ1 while the up-type quarks
uR couple to φ2. This Yukawa structure arises in supersymmetric models; in particular, the Higgs
sector of MSSM is exactly Type II 2HDM with extra constraints on the parameters of the potential
[103, 13, 17, 19]. The hf¯f couplings now differ for up quarks ξhu = cosα/ sin β and down quarks
ξhd = − sinα/ cos β. This model leads to a richer phenomenology as the hierarchy of the 125 GeV
Higgs couplings to fermions can strongly deviate from their mass pattern. As the result, it can
be constrained stronger than the Type I model. Type I and II are the most explored versions of
the 2HDM with NFC.
• The other two cases are less developed. Lepton-specific, or Type X: the quarks couple only to φ2
while the leptons get their masses from φ1. Suggested first in [231, 232] in 1984, it has recently
received attention [233] as a means of explaining several lepton-relation deviations such as muon
g− 2 discrepancy or the cosmic positron excess. The last case is the so-called flipped, or Type Y,
model which is similar to Type X but with φ1 coupling to dR rather than eR. Type X and Type
Y 2HDMs were denoted Type III and Type IV in the early literature; the present day convention
is that Type III labels the most-general Yukawa sector with FCNC.
The Higgs sector does not need to be exactly invariant under the Z2 symmetry. In fact, imposing the
exact Z2 on the Higgs potential simplifies it so much that there remains no CP -violation in the scalar
sector. To relax this constraint, one introduces the soft Z2-breaking term m212φ
†
1φ2 + h.c. with either
real or complex m212 in order to incorporate explicit and spontaneous CP -violation. The expressions
for the Higgs-fermion couplings will, of course, differ from those given in Table 2; they can be found in
[234]. However the flavor-diagonal structure of these couplings is preserved, and no FCNC appear at
tree level.
A separate class of models is represented by the so-called aligned 2HDM (a2HDM) [235]. In
this model, the fermions are allowed to couple to both Higgs doublets but their Yukawa matrices
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are proportional to each other: Γ1 ∝ Γ2 and ∆1 ∝ ∆2. Diagonalization of the mass matrices
Md = (Γ1v1 + Γ2v2)/
√
2 and Mu = (∆1v
∗
1 + ∆2v
∗
2)/
√
2 automatically diagonalizes each Higgs-fermion
interaction, preventing FCNC. Notice that the word “aligned” in the name of this model refers to the
Yukawa structures as aligned vectors in the space of 3 × 3 matrices, which is not to be confused with
alignment of the Higgs states. In fact, the proportionality of the matrices Γ1 and Γ2 implies that it
is possible to perform a basis change in the space of Higgs doublets Γ1φ1 + Γ2φ2 = Γ
′
1φ
′
1 + Γ
′
2φ
′
2 such
that Γ′2 = 0, which restores hidden NFC in this sector. The same can be achieved, separately, for
the up-quarks with a different basis rotation. Thus, the up and down-type quark sectors also follow
the NFC principle but in two misaligned bases. This misalignment implies that there is no exact Z2
symmetry, which would protect the entire lagrangian and be stable under renormalization [236, 237].
Nevertheless, a2HDM provides a convenient Ansatz for phenomenological studies.
3.3.2. Models with tree-level FCNC
The general Yukawa sector in 2HDM leads, for non-zero v1 and v2, to large tree-level FCNC inter-
actions via neutral Higgs exchanges. This is most clearly seen in the Higgs basis, where only the first
doublet H1 gets vev and gives masses to the fermions. The neutral field h
′
1 residing in H1 does not
induce FCNC transitions: diagonalization of the fermion mass matrix also diagonalizes the h′1f¯f inter-
actions. However the neutrals from the second doublet can couple to fermion bilinears in an arbitrary
way. The FCNC-inducing interactions can be written as
LFCNC = u¯Li(Yu)ijuRjH0∗2 + d¯Li(Yd)jidRjH2 + ¯`Li(Y`)ij`RjH2 + h.c. (54)
The fermion fields already correspond to the mass eigenstates, so that the off-diagonal elements in
matrices Y induce tree-level FCNC transitions. If unsuppressed, these transitions can lead to dramatic
effects, such as the µ → eγ decay [238] and the K − K¯ oscillations [239]. Assuming that all entries
in each Y are of the same order and are given by the mass of the heaviest fermion in that sector (mb
for Yd, which is relevant for kaon mixing), one could establish a lower bound on the mass of the extra
neutral scalars of the order of 100 TeV [239]. In early 80’s, this was seen by many as a strong argument
in favor of complete absence of tree-level FCNC.
Not willing to give up this attractive phenomenological opportunity, Cheng and Sher put forth in
[105] a proposal to make FCNC effects naturally small. They argued that since the fermion masses
display a hierarchical structure, the non-diagonal Higgs couplings with fermions could as well. They
proposed what is now known as the Cheng–Sher Ansatz: Yij ∝ √mimj up to coefficients of order
one. This hierarchical structure of non-diagonal interactions was not a pure guess; it was backed up by
concrete examples such as the Fritzsch Ansatz [88] for the quark mass matrices, which at that time was
well compatible with experimental data on the CKM matrix. The Cheng-Sher Ansatz suppresses the
non-diagonal Yukawa couplings for the first two fermion generations not through very heavy Higgses
but through the small masses of the quarks involved.
Another class of models in which the Higgs-induced FCNCs are naturally suppressed was proposed
by Branco, Grimus, and Lavoura [240] and is known as BGL models. In these models, the tree-level
flavor-changing couplings of the neutral scalars are related in an exact way to elements of the CKM
matrix V . To achieve that, they started with the generic Yukawa structures, diagonalized the fermion
masses, and then expressed the Higgs field interactions with physical quarks with two matrices Nu and
Nd. For example,
Nd = tan βDd − ve
iβ
√
2 cos β
U †dLΓ2UdR . (55)
where Dd is the diagonal mass matrix and the second term induces FCNC. Imposing invariance under
rephasing symmetry QL3 → eiψQL3, uR3 → e2iψuR3, φ2 → eiψφ2, they found that the second term in
Nd can be expressed via elements of the CKM matrix V
†
i3V3jDjj. For up-quarks, Nu is just diagonal.
Thus, FCNC exist in this model but they are suppressed by the combination of small elements V †i3V3j.
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Some variants of these models bear much in common with the hypothesis of Minimal Flavor Violation
(MFV) [241, 242]. In this framework, one forbids New Physics to bring its own flavor-violating effects.
The only source of flavor violation in the entire theory, at least at low energies, is the Yukawa sector.
Tecnically, one promotes the Yukawa couplings to scalar fields, called flavons, which transform in certain
way under the global flavor symmetry groupGF = U(3)
5, so that the entire lagrangian, together with the
would-be Yukawa sector, is now GF -symmetric. When flavons acquire their own vevs, the conventional
Yukawa interactions arise, and their pattern reflects the initial flavor symmetry. Then, after electroweak
symmetry breaking, flavor-changing interactions of neutral Higgses appear, but they become related in
an exact way with the quark mixing matrix. The explicit demonstration of how this idea work in
multi-doublet models, thus, generalizing the original BGL models, was presented in [243].
Yukawa sectors can also be shaped with discrete symmetry groups such as Z3 [244, 245], S3 [246, 247],
or the “nearest-neighbour interaction” model [248]. When imposed on the Higgs potential, they produce
an accidental continuous symmetry, which needs either to remain unbroken or be explicitly broken by
soft terms to avoid massless scalars, and leads to characteristic phenomenological predictions.
3.4. CP -violation in 2HDM
The experimental fact that weak interactions are not invariant under C and P transformations is
incorporated in theory via the gauge multiplet choices for the fermions. But the gauge structure does
not specify whether the theory is invariant under the combined transformation CP . It is again an
experimental fact that the world is not CP -invariant [14]. Within SM, the CP -violation (CPV) is put
by hand: it arises from the fact that the CKM matrix is not real and originates from the complex
Yukawa matrices. The weak-basis invariant formulation of this result is that the mass matrices Md and
Mu arising from Yukawa couplings (32) are such that the weak basis invariant ICP defined as
ICP = Tr[Hu, Hd]
3 , Hu = MuM
†
u, Hd = MdM
†
d (56)
is non-zero [249].
Models with extended scalar sector including NHDMs are attractive in this respect in that they
can provide a rationale for the emergence of CP -violation and can also accommodate additional CPV
interactions beyond the charged weak currents. The initial proposals of the 2HDM by T. D. Lee [75]
and 3HDM by Weinberg [79] were motivated exactly by the search for scalar sector explanation of
CPV. In fact, when T. D. Lee proposed in 1973 spontaneous CP -violating two-Higgs-doublet model,
the three-generation paper by Kobayashi and Maskawa was just published [69] and had not yet become
the widely accepted CKM paradigm.
In spontaneous CPV, we start with a perfectly CP -invariant lagrangian with two Higgs doublets φi
[75]. With the standard definition of how CP -transformation acts on the scalar fields
φi(~r, t)
CP−−→ (CP )φi(~r, t)(CP )−1 = φ∗i (−~r, t) , (57)
one can guarantee explicit CP -conservation by setting all parameters in the scalar potential real. How-
ever the minimum can be such that the two vevs have a non-zero relative phase (49). The mass matrices
Md and Mu in (41) become complex even if the Yukawa couplings are chosen real, which can lead to the
complex CKM matrix. In addition, the model provides CP -violating effects via Higgs boson exchanges.
Notice that this form of CPV does not require three fermion generations: if the same physical neutral
scalar couples to fermions via both ψ¯ψ and ψ¯γ5ψ, then CPV can take place even for single generation.
The explicit CPV originating from the scalar sector as formulated in 1976 by Weinberg [79] pos-
tulates that the scalar potential itself violates CP -invariance. Whatever the vacuum, the Higgs boson
exchanges, both charged and neutral ones, lead to CPV even for two fermion generations. The essential
difference of Weinberg’s proposal with Lee’s 2HDM is that he managed to combine this effect with NFC
at the expense of increasing the number of Higgs doublets from two to three.
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Even this short recap demonstrates that this phenomenon has several facets. Further developments
uncovered many subtle issues in this subject, and the entire literature on CPV in extended scalar sectors
is a perfect illustration that these subtleties should not be disregarded. Many of them were described
in the classical textbooks and reviews [14, 20]. We briefly summarize them and add results published
in the last few years, both for 2HDM and for NHDM in section 4.3.
When building a model with desired CP properties, one must keep in mind that quantum field theory
by itself does not uniquely specify how discrete symmetry transformations act on fields [250, 251, 14].
This action must be assigned, and it can happen that this assignment is not unique. The standard
convention (57) is basis-dependent: the same transformation viewed in another basis with rephased
scalar field contains a phase factor accompanying the conjugation. With several Higgs doublets with
identical quantum numbers, the freedom of defining CP -transformation is even larger [250, 251, 252, 14]:
φi(~r, t)
CP−−→ Xijφ∗j(−~r, t) , (58)
with any unitary X ∈ U(N). These are often called generalized CP -transformations (GCP) [253] as if
contrasted to the “standard” CP . Upon a basis change φ′i = Uijφj, the new fields φ
′ transform under the
same transformation (58) with the matrix X ′ = UXUT . So, what looks standard in one basis becomes
generalized in another and a generalized one can become standard. The fact that this rule involves UT
rather than U † has an important consequence: not every unitary X in (58) can be diagonalized by a
basis change. The simplest form of X one can achieve is the block-diagonal form [253, 254, 255], with
the blocks being either phases or 2× 2 matrices(
cosα sinα
− sinα cosα
)
as in [253], or
(
0 eiα
e−iα 0
)
as in appendix 2C of [254]. (59)
Each block contains its own parameter α which can be arbitrary. Notice that applying GCP twice, one
gets a usual family transformation, φi → (XX∗)ijφj, with XX∗ not necessarily being identify. This
opens up the possibility of CP -transformations of higher order [255]: if α = pi/p with integer p, then
one needs to apply it 2p times to obtain identity. By CPT -invariance of the standard interaction terms,
this implies the T -transformation of higher order. Although such a possibility sounds exotic, it is well
consistent with all requirements of local causal quantum field theory. Conversely, if one assumes that a
GCP symmetry is an inversion, that is, it has order two, then there exists a basis change which makes
it diagonal, as in the left form in Eq. (59) with α = 0 (the case of α = pi reduces to it via an additional
rephasing). Thus, order two implies possibility to bring the GCP transformation to the standard form.
When building a multi-Higgs-doublet model, one can identify its CP -properties with the following
procedure [251]. One starts with kinetic terms and gauge interactions, with the lagrangian invariant
under (58) with any unitary X. Then one adds the scalar potential, which breaks this large symmetry
group. If there remains no CP -symmetry of the form (58) which would leave the potential invariant, the
model is said to have explicitly CP -violating scalar sector. If there is at least one such symmetry with
whatever fancy X, the model is explicitly CP -conserving. There may be several GCP transformations
with different X’s which leave the potential invariant, and any of them can play the role of “the” CP -
symmetry of the model if one needs to assign it. Finally, if the vacuum of an explicitly CP -conserving
model violates all CP -symmetries of the potential, we have spontaneous CPV. If at least one among
CP symmetries of the potential leaves the vacuum invariant, the model continues to be CP -conserving.
3.4.1. Explicit CP -violation
For the “standard” CP transformation (57), explicit CP -conservation implies that all coefficients in
the potential are real. The basis-independent form of necessary and sufficient condition for the scalar
potential to be explicitly CP -conserving under an order-2 GCP is that there exists a real basis, the basis
in which all coefficients are real [196]. Relaxing the requirement of order-2 transformation invalidates
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this link: there exist models with higher-order CP -symmetries but without real basis [256], though such
models require at least three doublets, see section 4.3.
In simple cases, the presence of a CP -symmetry can be easily detected. But when building more
sophisticated 2HDMs and checking their CP -properties, one encounters a serious technical challenge:
even if the coefficients are complex, a hidden, non-obvious symmetry of type (58) may still exist. To
check that, one needs to construct all CP -odd basis-invariants Ii and verify that all Ii = 0. They
can be built as imaginary parts of various fully contracted products of tensors Yij and Zijkl defined in
Eq. (38); the challenge is to identify the full set of algebraically independent ones. In [195, 194, 196],
such invariants were explicitly constructed for 2HDM scalar sector. In [196], they were labeled as IY 3Z ,
I2Y 2Z , I3Y 3Z , I6Z , where the indices show the powers of Y and Z tensors used in their construction.
The 2HDM scalars sector is explicitly CP -conserving if and only if all of them are zero — and this
can now be checked in any basis. This formalism was recently extended in [199] to NHDM as well as
to more general sectors. However, the problem of finding the minimal set of algebraically independent
invariants — as consequently the task of writing down all necessary and sufficient conditions for explicit
CP -conservation — for more than two doublets still remained open.
Back to 2HDM, proving within this formalism that all higher-order invariants are not independent
anymore turned out to be a highly non-trivial task and required explicit check of millions of invariants
with Mathematica [196]. A much shorter and more intuitive derivation of these invariant was achieved
with the geometric bilinear formalism [202, 205, 201]. Here, the basic objects are Mµ and Λµν in (46),
or more concretely their three-dimensional components: Ma in (47) and Λab and La ≡ Λ0a in (48).
Any basis change corresponds to a proper SO(3) rotation in the space of bilinears, and any GCP
transformation corresponds to a rotary reflection. CP -odd invariants must be constructed as triple
products of certain vectors. Introducing in addition to La and Ma the extra vectors L
(p)
a = (Λp)abLb
and M
(p)
a = (Λp)abMb and denoting the triple products as (A,B,C) ≡ abcAaBbCc, one can construct
the four CP -odd invariants
I1 = (M,M (1),M (2)) , I2 = (L,L(1), L(2)) , I3 = (M,M (1), L(2)) , I4 = (M,L(1), L(2)) . (60)
Any GCP symmetry is equivalent to all four invariants Ii = 0. Geometrically, it means that there exists
an eigenvector of Λab orthogonal to both La and Ma. The relation between these Ii and IY 3Z , I2Y 2Z ,
I3Y 3Z , and I6Z of [196] was given in [205]. We note also that I6Z ∝ I2 is special in the sense that it
involves only quartic coupling constants. If it deviates from zero, the model features hard CP -violation;
if it vanishes but other invariants are non-zero, the explicit CPV is soft.
Although the general 2HDM potential (42) contains four complex parameters, one can always make a
basis transformation to setm212 = 0. Thus, there are only two independent relative phases: arg λ6−arg λ7
and arg λ5 − 2 arg λ6 [194]. In that basis, it would be sufficient to set these two relative phases to zero
to impose explicit CP -conservation. It is then surprising that we needed four basis-invariant conditions
for the same task. The explanation is that in each particular case it is sufficient to use a subset of these
four but, depending on the case, this subset can be different. For example, if λ6 + λ7 = 0 and λ1 = λ2,
which translates into La = 0, then I2 = I3 = I4 = 0 automatically, and one needs to check only I1.
Similarly, when Ma = 0, one needs only I2. If La and Ma are non-zero, it can happen than I1 = I2 = 0,
that is, both vectors are orthogonal to an eigenvector of Λab, but these are distinct eigenvectors. In that
case, one needs I3 and I4 to guarantee that this eigenvector is the same. The task of identifying these
special points in the parameter space and disentangling different regimes of CPV was investigated in
[226].
So far, the discussion was on such GCP transformations which can be brought to the “standard”
form by a basis change. As we mentioned above, these correspond to Eq. (58) with α = 0 and were
labeled in [255] as CP1. In the bilinear formalism, they correspond to plane reflections. In the notation
of [257], these are CP(ii)g transformations, whose explicit form depends on the specific reflection plane
choice. Setting α = pi/2 in Eq. (58) leads to a GCP transformation of order 4, labeled in [255] as CP2.
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In the bilinear space, this is a point reflection ra → −ra. In the notation of [257], it is labeled as CP(i)g
transformations. The third class of GCP transformations, labeled as CP3, corresponds to any other α,
corresponding in the bilinear space to a plane reflection followed by a generic rotation.
CP2 and CP3 can also be imposed on the scalar potential, strongly restricting its free parameters, so
that resulting model contains accidental symmetries. Refs. [255, 191] proved that these three classes of
GCP symmetries exhaust the GCP-based model building possibilities within the scalar sector of 2HDM
and investigated their parameter ranges. A special feature of CP3 is that it is so restricting that,
even when softly broken, it does not allow neither for explicit nor spontaneous CPV [258]. CP2 can be
extended to the Yukawa sector. Maniatis et al [257] constructed a model with “maximal CP symmetry”
in which the scalar and Yukawa sectors were required to be invariant under three orthogonal usual CP
symmetries and CP2. These conditions produced a very non-trivial Yukawa interaction patterns and
predicted a rather unique phenomenology with various flavor-violating processes, which was explored in
detail in [259, 260, 261]. Finally, CP3 can be extended as well but only for the special value of α = pi/3
[262], see details below.
3.4.2. Spontaneous CP -violation
For the “standard” definition of CP symmetry (57), spontaneous CPV usually manifests itself via
the presence of complex vevs. The word “usually” signals that complex vevs do not always imply
spontaneous CPV. The simplest, almost trivial example is the SM itself, see (14). A more interesting
example is the 2HDM potential (42) with the exact Z2-symmetry (43), which implies m212 = 0 and
λ6 = λ7 = 0. The only complex parameter λ5 can be set real and positive by global rephasing of
one of the doublets, so that the “standard” CP -symmetry is present. If v1v2 6= 0, then the minimum
corresponds to the vev alignment with the relative phase pi/2: 〈φ01〉 = v1/
√
2, 〈φ02〉 = ±iv2/
√
2, which
is clearly non-invariant under the “standard” CP . Nevertheless, the model is not CP -violating [81].
One way to see it is to remark that the potential contains yet another CP -symmetry, the GCP with
X = diag(1,−1), which is left unbroken. The Z2-symmetric model is “double-protected” against explicit
CPV, and minimization removes only one of the two symmetries. Alternatively, by performing the basis
change φ2 → iφ2, one obtains the same potential with λ5 < 0 and, consequently, with the vev alignment
(v1,±v2). The two CP -symmetries swap their appearance: the “standard” one becomes GCP, and
the GCP is now standard. In general, the impossibility to break both CP -symmetries simultaneously
follows from the fact that the tree-level potential in 2HDM can have at most two minima [203].
In the most general 2HDM, if the explicit CP -conservation is verified with the help of basis invariants,
one can ask if it is possible to detect whether spontaneous CPV happens without having to actually find
the minimum. This question was answered in the geometric bilinear approach [190]. These conditions
are especially simple in the Λµν-diagonal basis of Eq. (46): spontaneous CPV takes place if the vector
Ma lies inside an ellipse whose semiaxes depend in a known and simple way on the eigenvalues of Λµν .
In a more phenomenology-oriented analysis, we first select vevs and then build the 2HDM potential
around it. One may ask for a basis-invariant criterion to detect the presence of CP -violation in the
scalar sector without caring if CP -violation is explicit or spontaneous. A natural path to such conditions
is to switch to the Higgs basis and check whether the three quantities
J1 ∝ Im(λ¯∗5λ¯26) , J2 ∝ Im(λ¯∗5λ¯27) , J3 ∝ Im(λ¯6λ¯∗7) , (61)
are zero or not [263, 106]. The parameters λ¯5, λ¯6, λ¯7 refer to the Higgs basis, which makes these three
Ji basis invariant quantities. Again, in each particular case, two invariants out of three suffice, but
the selections of this pair depends on the case, therefore all three are required. The technical task
of actually constructing Ji in terms of tensors Yij and Zijkl as well as complex vi was solved in [107].
If fact, Y ’s can be eliminated via extremization condition, giving these invariants in terms of vevs
and the quartic tensor Z’s [196]. The same conditions can also be derived in the bilinear approach
[205, 201]. Determining invariants Ji via physical observables and disentangling forms of CPV in the
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general 2HDM, in the softly broken Z2, and in the alignment limit was studied in [227, 228]. The latter
is also a useful resource of various relations among parameters, physical observables, and CP -sensitive
invariants.
A remarkable example of CPV arising from cooperation between two sectors was found by Ferreira
and Silva in [262]. They started with a GCP symmetry of type CP3 parametrized with angle α (59) and
extended it to the fermion sector. In all but one cases it led to unphysical quark sector. The exceptional
case corresponds to α = pi/3; it fixes uniquely the transformation properties of the fermions and their
Yukawa matrices and allows for a good fit to the CKM matrix. The scalar potential has a continuous
symmetry as the result of CP3, and in order to prevent a massless scalar, a real soft breaking term
was introduced (thus, no explicit CPV is present). The vevs get a relative phase but there is still no
spontaneous CPV within scalar sector, as all Ji = 0. In the Yukawa sector, all coefficients are real, thus
CPV is not put by hand. Yet, the Jarlskog invariant ICP (56) is non-zero, which indicates CPV.
3.5. Testing 2HDM
2HDM can be experimentally checked in several ways. One can directly search for phenomena which
definitely go beyond SM, such as direct production of additional scalars or observation of the 125 GeV
Higgs decay channels impossible in SM. One can also measure the rates of SM-allowed processes and
see them differ in a way favored by 2HDM. Or at least, if all checks give negative results, one can limit
the 2HDM parameter space or even close certain versions of the model.
Before going into details, let us make several remarks. First, although the literature on 2HDM
phenomenology is vast, the majority of phenomenological studies are limited to simple versions of
2HDM, especially to softly broken Z2 models with or without CP -violation and often accompanied by
NFC in the Yukawa sector. This is a reasonable approach given the lack of definitive experimental
indications in support of non-minimal Higgs sectors. Trying to experimentally check if we are dealing
with the 2HDM that strongly differs from these simple versions would require access to triple and quartic
Higgs couplings [227, 229, 228] and can certainly be postponed. Second, the 2HDM has a decoupling
limit with heavy extra Higgses [180, 181]. If accompanied with Type I Yukawa sector model, it produces
a very SM-like picture, and it will be extremely difficult to reveal its non-SM properties. Thus, it is
impossible to completely rule out 2HDM without first ruling out the SM itself. Third, a good feature of
2HDM is that the same interactions can affect the observed Higgs properties and the signals involving
new scalars. The measurement of the observed Higgs couplings and direct searches for additional scalars
are complementary and correlated probes of the model [264]. Together with astroparticle features that
the 2HDMs possess, one can speak of a “multi-messenger approach” to testing 2HDM and other similar
sectors.
The pre-LHC expectations on the production and decay channels of neutral and charged Higgs
bosons focused mostly on Type I and Type II Yukawa sectors and especially on the MSSM Higgs
sector. They are extensively covered in the Higgs Hunter’s Guide [13], by Djouadi in the MSSM part
of his review [19], and in the recent review on 2HDM [20].
Despite a large variety of 2HDMs, some experimental bounds are rather generic. New Higgs bosons
participate in gauge interactions, and the vertices such as γH+H− and ZHA are proportional to gauge
coupling constants. As a result, the charged scalars cannot be too light, otherwise one would copiously
produce them at colliders. The recent combined LEP result [265] excluded charged Higgs bosons lighter
than 80 GeV (Type II) and 72.5 GeV (Type I). Within Type II, the flavor observables and in particular
b → sγ place a much stronger lower limit on the charged Higgs mass mH± > 480 GeV at 95% C.L.
[266]. A light pseudoscalar Higgs is possible [267] if it is not accompanied by a light second CP -even
Higgs h, because otherwise Z → hA decay would have been detected. Curiously, it is still possible for
mh +mA to be slightly below mZ in Type I 2HDM without violating all experimental constraints [268];
this regime can be soon closed by LHC Run 2 data. The values of tan β can also be limited on general
grounds, though these limits depend on the Yukawa sector. For Type I, 〈φ2〉 = 0 meaning tan β = 0 is
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still viable; the Inert doublet model featuring a DM candidate which is described in section 6.1.2 is of
this kind. For other models including the popular Type II, one typically starts with tan β ∼> 0.3, which
comes from the requirement that the top-quark coupling be not too large, and goes up to tan β ∼ 100
in order to preserve the b-quark Yukawa coupling going non-perturbative at a rather low energy scale.
Figure 2: Points in the (sinα, tanβ) plane in Type I (left) and Type II (right) 2HDMs which passed all the constraints as
of early 2013 at 1σ in green (light grey) and 2σ in blue (dark grey). Also shown are the lines for the SM-like limit, that is
sin(β −α) = 1 (negative sinα), and for the limit sin(β +α) = 1 (positive sinα). Reproduced with permission from [269].
As the ATLAS and CMS collaborations were finalizing their Run 1 Higgs results, many analyzes
started to appear focusing on heavy Higgs searches and the resulting constraints on the 2HDM parameter
space [269, 270, 271, 272, 273, 264, 274, 275, 276, 277, 267, 278, 279]. Some studies tested the LHC
Higgs data against not only 2HDM but also other examples of extended Higgs sectors [280, 281, 282].
As an illustration of the early analyses, Fig. 2 shows one of the first results of the CP -conserving
2HDM parameter space scan for Yukawa models Type I (left) and Type II (right) [269]. The points here
represent models from a wide parameter scan which passed all the experimental constraints available
at the beginning of 2013 at 1σ and 2σ levels. We remind that in early 2013, the LHC data showed a
∼ 2σ excess in H → γγ decay channel with respect to the SM [283], which was also at odds with many
2HDM models. It is this H → γγ excess that explains why all the green points in Fig. 2 fall on the
right of the solid red line describing the SM limit. When this excess evaporated in the later data, the
parameter space scans yielded broader regions compatible with experiment.
In later publications, Craig et al [264] present a detailed analysis of numerous suitable heavy Higgs
production and decay processes. Coleppa et al [275] focus on the parameter space of Type II 2HDM
surviving after the LHC Run 1 results. One of the most detailed analyses of 2HDM Type I and II
parameter space was given by Dumont et al [276], together with implications for future measurements.
Bernon et al published an extensive two-part analysis of the 2HDM Type I and II in the vicinity of the
alignment limit, corresponding to the 125 GeV Higgs being the lighter h [277] or the heavier H [278]
CP -even scalar. In a related work [267] they studied the case of the light second Higgs: mh < 62 GeV,
without assuming alignment. A very recent review of experimental results on light additional bosons
can be found in [284].
One curious possibility of 2HDM is that Yukawa coupling of the SM-like Higgs can have right
magnitude but “wrong” sign with respect to the SM expectations [180]. It turns out that among various
options, only down-quark Yukawa coupling of h125 could have wrong-sign solutions for tan β > 1 and
only in Type II and Flipped 2HDM [274, 285, 286, 277], see Fig. 3. This wrong sign limit corresponds to
sin(β+α) rather than sin(β−α) close to 1 (see Fig. 2, right), so that the model is not in the decoupling
regime and is strongly constrained by the data. Still, there are regions of the parameter space which
survive these constraints. Trying to close this option via gg → h or h→ γγ processes would be difficult
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Figure 3: Up-quark (left) and down-quark (right) couplings relative to the SM versus tanβ in Type II 2HDM with
h125 identified with the lighter CP -even Higgs. The color encodes the values of misalignment quantity | cos(β − α)|.
Reproduced with permission from [277].
as the b-quark loops are subdominant. However, as Modak et al showed [287], once the exclusive decay
h→ Υγ is measured, it will be able to immediately probe the wrong-sign solution.
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Figure 4: The largest cos(β − α) which pass machine benchmarks for different 2HDM Yukawa sectors with NFC and at
different colliders: LHC Run-1, 300 fb−1, 3 ab−1, as well as several options for ILC. Reproduced with permission from
[288].
Anticipating future experiments, Barger et al [288] developed strategies of experimental investigation
of 2HDM through the 125 GeV Higgs at future colliders, see Fig. 4. Kanemura et al [282] presented
a systematic analysis of the properties of all heavy Higgses for all four types of flavor conserving
Yukawa sectors. Expected sensitivity limits for signal strengths were calculated for the LHC and future
colliders. The recent Snowmass report of the Higgs working group [271] also summarizes future collider
expectations for the Higgs physics, including 2HDM.
Several works focused specifically on ways to detect and measure CP -violation in 2HDM. The key
objects proposed included ZZZ and ZH+H− vertices [227, 289], h→ Zγ decay [225], difference between
H+ and H− production and decays [224], as well as the patterns of hi → hjZ and hi → ZZ decays [290].
Specifically, Fontes et al [290] presented five combinations of decays whose simultaneous detection will
be an “undoubtable” sign of CP -violation in the 2HDM scalar sector, such as h3 → h2Z, h2 → h1Z,
and h3 → h1Z.
Pair production of the SM-like Higgs has also been proposed as a means of detecting the presence of
extra scalars. For example, in [291, 292], this process was analyzed for several benchmark scenarios in
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2HDM, with the conclusion that the resonance production of heavy Higgs can boost hh production by
up to two orders of magnitude above the SM expectations. For non-resonant production, the effect is
significantly more moderate and the rate can even be below the SM. Subtle effects specific to Yukawa
types can be seen in differential distributions.
Quite a number of publications [293, 294, 295, 296, 297, 298, 299, 300, 301] were devoted to possible
2HDM explanations of several flavor physics discrepancies, especially those involving B-decays. In
particular, Crivellin et al showed in [299] that it is well possible to accommodate B → K∗µµ, R(K) =
Br(B → Kµµ)/Br(B → Kee), and h → τµ anomalies within a 2HDM with the gauged Lµ − Lτ
symmetry. Another departure from the SM, the lack of leptonic universality in R(D(∗)) = Br(B →
D(∗)τν)/Br(B → D(∗)µν), was interpreted in [293, 294] as the charged-Higgs induced enhancement of
τν production. Although Type II 2HDM cannot accommodate both R(D) and R(D∗) simultaneously, a
less constrained Yukawa sector, for example, the aligned 2HDM, is capable of doing that without much
fine-tuning [301].
In 2015, CMS reported a hint of the lepton-flavor-violating Higgs decay h → τµ at about 1% level
[302]. The latest ATLAS results on this decay [303] do not support this deviation from SM, although
they do not rule out the CMS hint either. This decay, if it is real, can be well accommodated within
2HDM without violating bounds on other LFV processes, but of course in the Yukawa sector beyond
NFC [304]. One aspect here is that it is exceedingly difficult to organize for such a decay within MSSM.
If future data confirms h→ τµ decay at the present level, it will basically rule out MSSM [305]. It is also
interesting that, when describing this excess within 2HDM, one can obtain models which predict much
stronger lepton-flavor-violating signals for the heavier Higgs decays H/A → τµ [306], with branching
ratios which can go as high as 60% [307].
The magnitude of electric dipole moments achievable within 2HDM was analyzed in [308, 309]. The
neutrinophilic 2HDM, a model in which the second doublet gets vev v2 ∼ 1 eV and gives neutrinos their
masses [310, 311], was tested in [312, 313] against the LHC and lepton physics data.
4. More than two doublets
4.1. Two examples of NHDM flavor models
There are hundreds of publications on models with more than two Higgs doublets, often accompanied
with other fields. Instead of grazing superficially over many of them, we will go into some detail with a
few historical examples from late 1970’s. These examples of three-Higgs-doublet models (3HDM) nicely
illustrate new possibilities and new challenges which come into play with more than two Higgs doublets.
The driving idea behind them was to find global symmetries which would shape the Yukawa sector just
in the right way. Namely, one expects the global symmetries to strongly reduce the number of free
parameters, to naturally lead to the patterns in masses and mixing angles we observe, and hopefully
to provide symmetry-imposed relations among masses and mixing, as well as to lead to new beyond
the SM signals. We will close this subsection with a general theorem which severely restricts the use of
large global symmetry groups for flavor model-building within NHDM.
4.1.1. 3HDMs with permutation symmetries
Building a symmetry-based NHDM flavor sector starts with a choice of the global symmetry group
G and an assignment of fermions and Higgs doublets to irreducible representations of G. For an
introduction to finite groups and formulas useful for model building, see for example reviews [130, 314].
One natural choice for G is the permutation symmetry group of three elements S3, which was first
considered by Derman [92, 93, 94]. The irreducible representations of S3 are singlets and doublets, not
triplets. If the three left-handed fermion electroweak doublets, three right-handed singlets, and three
Higgs generations are all assumed to be in the singlet plus doublet 1⊕ 2 of S3, then the Yukawa sector
is represented as the product (1 + 2)L ⊗ (1 + 2)R ⊗ (1 + 2)φ. This product contains five singlets, each
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coming with its own free parameter. The parameters across the sectors — up-quarks, down-quarks, and
leptons — do not need to be correlated. The fermion mass matrices are obtained by multiplying Yukawa
matrices with vevs vi as described in section 3.1. The question is which vev alignment one is allowed
to choose. Building the S3-symmetry potential and working in the region of free parameters in which
there is no CP -violation, neither explicit nor spontaneous, Derman found that only two vev alignments
were possible: (v1, v1, v1) and (v1, v1, v2). In the former case, the S3 symmetry is conserved, in the
latter case it is spontaneously broken to the Z2 subgroup generated by the family permutation. The
former option leads to two fermions being mass-degenerate, which is clearly ruled out experimentally,
while the latter allows the masses to be all distinct. However the presence of a residual symmetry
strongly restricts the mixing among the quark generations. The quark mixing matrix contains only one
mixing angle θC , whose value cannot be predicted from quark mass ratios. The just-discovered b-quark,
although not mixing with other quarks in this model, was nevertheless predicted to be metastable
due to the semileptonic decay b → de+µ− mediated by the Z2-odd Higgs boson. Of course, this
remarkable prediction was quickly checked and ruled out. Pakvasa and Sugawara [95] used the same
permutation symmetry group S3 in a somewhat different setting and managed to obtain the Cabibbo
angle tan θC = md/ms. At that time the current masses of light quarks were poorly known; they were
compatible with md/ms ∼ 1/5, which roughly agreed with the Cabibbo angle.
One can go further with permutation groups and unite three generations in one irreducible repre-
sentation of S4. The Yukawa sector becomes more economic. In one example of extreme simplicity,
one can assume that only one group singlet is present in each sector, 1 = 3L ⊗ 3R ⊗ 3φ, making all
three Yukawa sectors governed by a single coupling constant. In this case, one fermion in each sector,
u, d, and e, remains massless, so that the origin of their masses is delegated to yet another comple-
mentary mechanism. This was seen not as a bug but as a feature, an appealing argument in favor of
one fermion generation being very light. In this approximation one gets M` ∝Md ∝M∗u , which implies
mµ/mτ = mc/mt = ms/mb and predicts the top-quark mass to be around mt ∼ 20–30 GeV. Later,
the negative results of top quark searches in this mass range discouraged the simplistic intuition of the
sequential family mass ordering.
Works [96, 97, 98] put more sophistication to this S4 construction by assigning QL, L, φ ∼ 3 and
`R, uR, dR ∼ 1⊕2. The S4-symmetric 3HDM scalar potential has only five free parameters, its minimum
can be found explicitly. In a certain range of the parameters, the vev alignment becomes
vi ∝ (eiξ, e−iξ, r) , (62)
with the phase ξ calculated via the parameters of the potential. For Yukawas, one gets only two singlet
terms per sector, coming from the S4 tensor decomposition 3L⊗ 3φ = 3 + 3′+ 2 + 1 coupled to (1 + 2)R.
These two singlet combinations come with free parameters f and g, different for each sector. Taking
into account that one fermion generation is much lighter than the other two, one assumes fi/gi ≡ i  1
for i = `, u, d. The mass matrices become
M` =
g`v1√
2
 `eiξ e−iξ eiξ/√3`e−iξ eiξ e−iξ/√3
r` 0 −2r/
√
3
 , (63)
with Md and M
∗
u being of the same form with their own ’s. The parameters r and ξ are universal
across the Yukawa sector, while ’s are different. It is only due to u 6= d that quarks have a non-trivial
CKM matrix.
The small parameter simplifies the analysis allowing one to investigate mass matrices in the first
non-trivial order of . Since one has eight free parameters and nine masses, there must exist one relation
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among them. In this approximation, it has the form∣∣∣∣∣∣∣
m2e m
2
µ m
2
τ
m2u m
2
c m
2
t
m2d m
2
s m
2
b
∣∣∣∣∣∣∣ = 0 . (64)
This equation can be used to predict the mass of the top quark between 25 and 35 GeV [96, 98]. Next,
one can express the vev ratio r and phase ξ fully in terms of masses, and, as a consequence, reconstruct
the entire CKM matrix in terms of quark and lepton masses. For the Cabibbo angles one obtains
sin θC ≈ md
ms
(
1− m
2
µm
2
b
m2τm
2
s
)−1/2
. (65)
Due to strong sensitivity to quark masses, it was not possible to accurately estimate θC from this
relation, but at least it did not contradict the experimental value tan θC ≈ 0.22. Similarly, one can
express other mixing angles as well as the CP -violating phase. The elements of the predicted CKM
were perfectly compatible with the data available in the late 70’s, and even if compared with the present
day measurements, they are off by at most the factor of 2. The amount of CP -violation turned out to
be too small in this model, though.
4.1.2. 3HDM with ∆(54) symmetry
A somewhat different way of using global discrete symmetries to link quark mixing and masses
was suggested in 1978 by Serge, Weldon, and Weyers [99]. They start with a natural idea that the
very different fermion masses across generations may arise not from very different Yukawa couplings,
but from highly hierarchical vev alignment v1  v2  v3 of the three Higgs doublets. The simplest
implementation of this idea is when each Higgs doublet couples only to one fermion generation with a
universal coupling,
f
∑
i
Q¯LidRiφi + f
′∑
i
Q¯LiuRiφ˜i . (66)
Unfortunately, as it stands, this structure leads to unphysical CKM matrix. One needs to add non-
diagonal terms, still assuming that (66) are dominant. A very economic way is to impose a discrete
symmetry group with permutations and discrete rephasing:
QLk 7→ ω−kQLk , φk 7→ ωkφk , dRk 7→ ωkdRk , uRk 7→ uRk , (67)
where ω3 = 1. This rather minimalistic choice leads to a predictive model. The full symmetry group
generated by these transformations and arbitrary permutations is known as ∆(54). The quark Yukawa
sector compatible with it is defined by
Γ1 =
 f 0 00 0 g
0 g 0
 , ∆1 =
 f ′ g′ g′0 0 0
0 0 0
 , (68)
and Γ2,Γ3 and ∆2,∆3 obtained from those by cyclic permutations. The resulting mass matrices Md
and Mu, despite their rather simple form, are quite different, and it is this mismatch that drives the
quark mixing pattern.
The challenge comes, however, from the scalar sector. It is possible to write down and explic-
itly minimize the ∆(54)-symmetric renormalizable 3HDM potential. The problem is that it does not
generate the desired vev alignment v1  v2  v3 for any choice of parameters. Colloquially, highly
symmetric potentials refuse to completely lose their symmetry upon minimization. The authors of [99]
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admitted that unpleasant fact, and without providing further detail, assumed that appropriate soft
symmetry breaking terms could solve this problem. This has become the standard philosophy behind
vev engineering: if the exactly symmetric potential cannot provide the desired vacuum, one breaks it
softly.
Nevertheless, this rather simple setting allows for a number of phenomenological predictions. First,
determining vevs via lepton mass ratios and substituting them for quarks, one arrives again at an
approximate relation mµ/mτ ≈ ms/mb ≈ mc/mt. Using the s-quark mass ms ≈ 270 MeV from the
current algebra evaluations, Serge et al obtained mb ≈ 4.7 GeV, close to the experimental observation.
For the top-quark, the prediction was mt ≈ 20 GeV, similarly to the previous models.
The CKM matrix is also reconstructed in terms of mass ratios. In particular, the Cabibbo angle
becomes θC ≈
√
md/ms, quite distinct from models based on permutation symmetries, but similar to
the left-right symmetric and texture-based predictions [88]. Another prediction was that the b-quark
decays predominantly into c with the lifetime below 10−11 s. As we now know, this upper bound is
correct, but at that time it was still four orders of magnitude below then existing experimental bounds.
The amount of CP -violation could not be cleanly predicted within this model, as it relied in the relative
phase of the two largest vevs, but it was noted that no additional smallness was needed.
4.1.3. Quark sector against residual symmetries
The above examples teach us two important lessons. First, residual global symmetries can easily
lead to non-physical quark sector, for example, by predicting degenerate quarks or by generating too
few mixing angles. This was formulated and proved as a general theorem in [102], and recently it was
further refined in [315] by including the overlooked role of the residual symmetries in the right-handed
quark space. The final statement of the theorem reads: given a group G acting on the flavor space, the
only way to obtain a non-block-diagonal CKM mixing matrix and, simultaneously, non-degenerate and
non-zero quark masses, is that the vev alignment breaks the group G completely, except possibly for
some symmetry belonging to the baryon number or a symmetry located purely within the inert sector
(i.e. for the doublets which do not couple to quarks).
Thus, when imposing a discrete symmetry group on Higgs and fermion fields, one should make sure
that this symmetry is completely broken. However, it is not easy to force the symmetric potentials
to give up all of their symmetries upon minimization. In all the 3HDM examples listed above, CP -
conserving S3, S4, or ∆(54)-symmetric potentials, any neutral minimum for any choice of parameters
contained a residual symmetry, which would immediately render the quark sector non-physical.
An excellent and pedagogical illustration of what exactly goes wrong with S4 and A4 3HDMs, at
each possible minimum and for each allowed representation assignment, was given by Gonza´lez Felipe,
Seroˆdio, and Silva in [316]. They checked the full list of representation assignments and constructed
the Yukawa sectors for each combination. As was found in [317], the 3HDM renormalizable potential
with the exact A4 or S4 symmetry can have only four vev alignment patterns at the global minimum.
Remarkably, the vev alignment described in (62) was not among them: this minimum can only be local,
not global. Merging these vev alignments with Yukawa sectors, the authors of [316] obtained mass
matrices, and deduced from them the quark masses and the CKM matrix. In all cases, there was at
least one quark-sector parameter that went non-physical. The case closest to reality was the model
with the representation assignment QL ∼ (1, 1′, 1′′), the three singlets of A4, with the Higgs doublets
and the right-handed quarks transforming as triplets, and with vev alignment (1, eiα, 0). The residual
symmetry is the one which flips the sign of the third Higgs doublet and third right-handed quarks. This
produces, after the up- and down-quark mass matrix diagonalisation, three mixing angles and three
non-degenerate quark masses, but with one massless quark in each sector.
All in all, the exactly symmetric situations are often overly restrictive. One can now ask: which
discrete symmetry groups can be completely broken upon minimization of the potential and which
cannot? In the case of 3HDM, it was answered by algebraic tour de force in [317, 318], see the next
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subsection; beyond 3HDM, no general criterion is known.
4.2. Scalar sector and its symmetries
The most general renormalizable Higgs potential (38) contains a huge number of free parameters.
Its minima cannot be expressed in terms of elementary functions of free parameters. One can try to
apply the bilinear formalism, which was very successful in 2HDM, to the general NHDM potential.
Similarly to (45), one introduces the real-valued vector (r0, ra), where r0 = φ
†
iφi and ra = φ
†
i (λ
a)ijφj,
a = 1, . . . N2−1, λa being the SU(N) generators, and express the potential exactly as (46). However in
contrast to the 2HDM, the orbit space inside RN2 has a more complicated shape. It can be characterized
algebraically via a set of inequalities [319, 320, 321] and the minimization conditions can also be written
explicitly [320, 321]. One can proceed further and apply the homotopy continuation method [147] to
numerically locate the global minimum. However, this approach has not yet produced as powerful
results as in 2HDM. On the other hand, studying the general NHDM potential seems to be of little
practical use. Arguably the only way to keep the situation under control is to impose global symmetries.
They can dramatically simplify the potential, guarantee that its form is stable against corrections, and
hopefully render the model tractable analytically.
This brings up several symmetry-related questions. Which global symmetries can be imposed on the
NHDM scalar potential? What is the most general potential for each symmetry group G? What minima
can a G-symmetric potential have and how do they break G? Do minima of different nature coexist?
What is the relation between these horizontal symmetries and the CP -violation in the scalar sector?
In 2HDM, all these questions were answered within the bilinear formalism, see section 3. With three
doublets, even the first examples constructed back in 1970s showed that allowed discrete symmetry
groups can be non-Abelian, they do not necessarily imply explicit CP -conservation, and, depending on
free parameters, the minima can either conserve or (partially) break these symmetry groups.
The full systematic study of symmetry-related opportunities within 3HDM was undertaked recently
in [322, 323, 324, 317, 318]. In [322], Ivanov, Keus, and Vdovin developed a linear-algebraic approach
based on the so-called Smith normal forms to identify all possible Abelian symmetry groups which can
be imposed on the NHDM scalar sector without producing accidental symmetries. For 3HDM, the list is
rather short: Z2, Z3, Z4, Z2×Z2, Z3×Z3, and continuous groups. In fact, the method itself is universal
and can be applied to an arbitrary model with any number of complex fields, see examples for NHDM
Yukawa sectors [325, 326] and for SO(10) GUT Yukawa sectors [327]. The next step is to find all allowed
non-Abelian groups, whose all Abelian subgroups belong to the list obtained at the previous step. This
classification for 3HDM was completed by Ivanov and Vdovin in [323, 324]. The key observation was
that the order of each discrete Abelian A is a power of 2 or 3. By Cauchy’s lemma, it implies that the
order of the non-Abelian group G can also contain only these two primes: |G| = 2a3b. Then, using
Burnside’s theorem, the requirement that G ⊂ PSU(3), and the absence of accidental symmetries, one
can express G as extension of A by its automorphisms: G = A.K, K ⊆ Aut(A). Checking one by one
all five A’s, one can find all possible G. The final list of discrete family-symmetry groups of the 3HDM
scalar potential is
Z2, Z3, Z4, Z2 × Z2, S3, D4, A4, S4 , ∆(54)/Z3, Σ(36) . (69)
This list is complete: trying to impose any other finite symmetry group of Higgs-family transformations
leads to a potential with a continuous symmetry. Most of these groups have been used previously for
model-building with three doublets, with the exception of Σ(36). To avoid confusion, we stress that
all finite groups in (69) are considered as subgroups of PSU(3) ' SU(3)/Z3, not SU(3) itself, see
explanations in [322, 324]. Their full preimages inside SU(3) contain elements of the center of SU(3).
The third step is to minimize the potential for each G. For high symmetry groups the number of
free parameters is small, and minimization can be done exactly. Most of these minima were well known
and used by model builder since early papers, but the full classification of all minima possible for every
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G was done recently in [317, 318]. For small groups, the straightforward minimization usually becomes
cumbersome if not impossible. The standard procedure then is to select the vevs as input parameters,
which leads to constraints among coefficients. Similarly to 2HDM, there is a hidden danger in this
approach: the chosen vacuum might represent a local, not the global minimum of the potential. An
example of a situation when the metastability issue was overlooked is given by the A4-symmetric 3HDM
with minimum (62), which was used in several publications [328, 329, 330]. It was found only in [317]
that this alignment cannot represent the global minimum.
Beyond three doublets, not much is known. The list of Abelian symmetry groups was constructed
for each N [322] and includes essentially all finite groups with order |A| ≤ 2N−1 plus one special case
for every N . However combining them into non-Abelian groups is, apparently, an arduous task. Not
much is known as well about possible symmetry breaking of these discrete groups upon minimization.
One insight may come from the observation that a renormalizable Higgs potential in NHDM, because
of its algebraic structure, can have at most p distinct minima. For 2HDM, p = 2; for 3HDM, most
likely p = 8, for N > 3 the exact value of p is unknown [318]. A discrete group G, if broken completely,
produces at least |G| distinct degenerate minima, which are related by symmetry transformations. If
|G| > p, it leads to a contradiction; therefore, such groups cannot be broken completely.
4.3. Novel forms of CP -violation
With more than two Higgs doublets, one has more room for various forms of CP -violation in the
scalar sector. Below we list several types of CPV which were impossible in 2HDM.
The first unusual form comes under the name of geometrical CP -violation. In the first multi-Higgs-
doublet models with spontaneous CPV [75, 81], the CP -violating relative phase between vevs is a
smooth function of the free parameters of the potential. Its numerical value depends on the input
parameters, and as they evolve upon renormalization group flow, the phase evolves accordingly. In
1984 Branco, Gerard, and Grimus found a 3HDM model [331] in which the phase was calculable: it
does not depend on the numerical values of the free parameters but is fixed by the structure of the
symmetry-constrained potential. The model is based on the exact symmetry group ∆(54) mentioned
earlier, which is generated by arbitrary permutation of the three doublets φk as well as order-3 rephasing
transformation: φk → ωkφk, where ω = exp(2pii/3). The potential contains permutation-symmetric
phase-insensitive part and a single phase-sensitive combination
Vphase = λ
[
(φ†1φ2)(φ
†
1φ3) + (φ
†
2φ3)(φ
†
2φ1) + (φ
†
3φ1)(φ
†
3φ2) + h.c.
]
. (70)
If all vevs are non-zero and λ is positive, the vev alignment must be of the form vi ∝ (1, 1, ω) or its
conjugate, up to permutations. Indeed, the bracket in (70) can be rewritten as
|φ†1φ2 + φ†2φ3 + φ†3φ1|2 − |φ†1φ2|2 − |φ†2φ3|2 − |φ†3φ1|2 , (71)
so that minimizing it amounts to setting φ†1φ2 + φ
†
2φ3 + φ
†
3φ1 to zero, from which one obtains this CP -
violating alignment. Since the relative phase 2pi/3 arises in a purely geometric way, this phenomenon
was baptized in [331] the geometrical CP -violation.
The interest in this possibility was revived recently, both within the original model [332, 333] includ-
ing the full fermion sector [334, 335] and accompanied with other new fields, and with larger multi-Higgs
extensions of the same idea [336, 337]. Remarkably, the calculability of the vev phase survives even in
the explicitly CP -violating model with ∆(27) symmetry, which motivated the authors of [338] to speak
of explicit geometrical CPV.
It tuns out that there is an intimate relation between Higgs family symmetry groups and CP -
violation in the scalar sector. In 2HDM, imposing an exact discrete symmetry Z2 immediately prevents
both explicit and spontaneous CPV. It is precisely because of that feature that Weinberg moved on
to three Higgs doublets: imposing the exact NFC via Z2 × Z2 symmetry, one can still have explicit
39
[79] or spontaneous [81] CPV. On the other hand, it was known that imposing a certain Higgs-family
symmetry groups G on the scalar potential often precludes any form of CPV in the scalar sector. This
group does not have to be very large. Again, staying within 3HDM, the exact Z4 symmetry forbids
CPV [322]. At present, no simple rule is known that could universally tell which symmetry group
G for which number of doublets prevents explicit or spontaneous CPV. For 3HDM, the situation is
now resolved [318] only because the full list of all discrete symmetry groups and all their symmetry
breaking patterns have been derived. For arbitrary number of doublets and for Abelian groups, there is
a general result which says colloquially that “CPV comes in pairs”: if G prevents explicit CPV within
the neutral scalar sector, then it prevents spontaneous as well, and vice versa [339]. Generalization of
this statement to non-Abelian groups has not been proved, although it holds for all cases studied so
far. Finally, we remark that there is a deeper mathematical relation between CP -symmetries and the
automorphism group of G, the transformations which can be viewed as “symmetries of symmetries”
[252, 340, 341, 342].
3HDMs can accommodate not only new forms of CP -violation but also an exotic form of CP -
conservation: a CP -symmetry of order 4. It is the GCP symmetry of type (58) with the angle α = pi/2
(59); in order to get identity transformation, one must apply it not twice but four times. Within
2HDM, we already encountered such symmetry, dubbed CP2. But when imposing it on 2HDM, we
automatically had extra accidental symmetries including usual CP . In 3HDM, one can construct an
example for which this order-4 GCP is the only symmetry of the model. Remarkably, its scalar potential
does not have real basis, and it serves as an explicit counterexample to the attempts to extend to NHDM
the theorem [196] relating the real basis existence with explicit CP -conservation. This model was briefly
mentioned already in [322] and was elaborated recently in [256, 343]. It leads to degenerate real scalars,
which can be combined into complex scalar fields Φ with exotic CP -property: Φ(~x, t)
CP−−→ iΦ(−~x, t),
without complex conjugation. Phenomenologically, it looks like a curious generalization of the Inert
doublet model, see section 6.1.2, with a different quantum number protection against DM candidate
decay.
This symmetry can also be extended to fermion sector [343] leading to degenerate fermions. In that
aspects, it resembles the 2HDM with maximal CP symmetry suggested in [257, 259]. The difference
is that with two doublets, this symmetry is effectively of order two not four, and that it must be
spontaneously broken by minimization of the potential. Here, an additional doublet which is unaffected
by the family transformations, makes this symmetry genuinely of order four and, by acquiring a vev
instead of the other two doublets, it can leave the symmetry unbroken. It would be interesting to
see whether a realistic model with spontaneous breaking of this symmetry differs in any essential
way from spontaneous CPV of the usual CP -symmetry. Two questions concerning the possibility of
distinguish this models with a usual CP -conserving one which remain open are (i) whether it can be
done experimentally, at least in principle, and (ii) how one can tell these two cases apart with the
basis-invariant approach, which was recently constructed for NHDM in [199].
5. Beyond doublets
5.1. Singlet extensions
5.1.1. Motivations
An even simpler extension of the SM scalar sector consists in introducing just one extra scalar
field, either real S or complex S, which transforms trivially under all the gauge transformations of the
Standard model. Being electroweak singlet with zero hypercharge, this scalar does not couple to the SM
fermions nor does it contribute to the masses of the W and Z bosons. The only way it can couple to the
SM fields in renormalizable way is via the unique dimension-2 SM gauge-invariant operator φ†φ. Even
more, the new singlet can be the tip of an iceberg. A whole new sector could in principle exist, with a
potentially rich field content and new gauge interactions to which the SM fields are completely blind;
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the mirror world [344, 345] and the twin Higgs models [346] are two popular frameworks which fully use
this idea. The lagrangian of the full theory can be written as LSM + Vint + Lnew, where Vint describes
the interaction between the SM with the hidden world. Staying with renormalizable interactions only,
one can introduce Vint = λhsφ
†φS2 for real S or λhsφ†φ|S|2 for complex S. The SM Higgs boson/gauge
singlet scalar combination represents in these models the only link which couples the two sectors of the
theory. In this way, a rich hidden sector even with light fields could remain hidden until now. Once the
Higgs bosons are copiously produced at colliders, this Higgs portal opens, allowing us to explore the
hidden sector.
As a side remark, one can notice that, within the pure SM, the Higgs bilinear term enters the Higgs
potential (4) and is accompanied by the dimensional coefficient µ2. It is the only place in the entire SM
lagrangian where a mass scale is introduced by hand. A new gauge singlet scalar field interacting with
the Higgs doublet can offer a dynamical origin of this mass scale. Starting from the quartic interaction
Vint, the self-interaction of the singlet S can drive it to acquire a non-zero vev, 〈S〉 6= 0, which reproduces
the µ2φ†φ term in the SM Higgs potential.
This simple and far-reaching idea of the Higgs plus gauge singlet scalar combination as a portal
to a new hidden world was explicitly articulated in [347], although models exploiting such interaction
appeared earlier [109, 110, 348]. Although other variants of the Higgs portal have been proposed and
explored in the past few years, as described in the recent review [349], the models with gauge singlets
remain the most studied examples.
Another source of inspiration for gauge singlets is that they can naturally lead to scalar dark matter
candidates. They are inert by construction, and if, in addition, their interaction with the SM Higgs
fields is protected by a conserved global symmetry, they will remain stable against decay [110, 350,
351]. Additionally, with the complex singlet field one can simultaneously achieve the correct DM relic
abundance and a sufficiently strong electroweak phase transition [352], accompanied with interesting
collider signals. Finally, an extra scalar which mixes with the neutral component of the Higgs doublet
emerges as a perfect remedy against the Higgs potential metastability, an issue which raises concerns
within the SM.
In short, models with gauge singlets are a convenient bSM playground, equally well suited for
analytical calculations and incorporation in computer tools, for numerical scans of the parameter space,
for experimental tests, and also serve as simple ultraviolet-complete toy models for exploration of various
subtle quantum field theoretical issues, see e.g. [353].
5.1.2. Real singlet extension
In models with a SM Higgs doublet φ and a gauge singlet scalar S, the new scalar links the SM fields
to the unknown hidden sector. In spite of our ignorance of this hidden sector, we can simply assume a
generic renormalizable self-interaction for the scalar S and investigate the joint (φ, S) potential.
A simple, easily tractable, and phenomenologically interesting version of this model arises when we
assume that the lagrangian is invariant under the Z2 symmetry S → −S. The general renormalizable
potential takes the following form:
V (φ, S) = −m2φ†φ− 1
2
µ2S2 + λ1(φ
†φ)2 +
1
4
λ2S
4 +
1
2
λ3φ
†φS2 . (72)
The potential must be bounded from below, which implies λ1 > 0, λ2 > 0, and
√
4λ1λ2 + λ3 > 0.
If one wishes to investigate the model with 〈φ〉 6= 0 and 〈S〉 6= 0, one needs to place a stronger
bound 4λ1λ2 > λ
2
3, which additionally forbids λ3 to be too large [354]. Minimization of the potential
(72) generates vevs for both the doublet 〈φ0〉 = v/√2 and singlet 〈S〉 = vs. Similarly to the 2HDM
notation, we define tan β ≡ v/vs. The electroweak Goldstone fields are located inside the doublet.
In the unitary gauge the fields can be expanded near the vacuum point as φ = (0, v + hφ)
T/
√
2 and
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S = vs + hs, and the physical Higgses h, H arises as their mixtures:(
h
H
)
=
(
cosα − sinα
sinα cosα
)(
hφ
hs
)
, m2h,H = λ1v
2 + λ2v
2
s ∓
√
(λ1v2 − λ2v2s)2 + (λ3vvs)2 . (73)
The mixing angle α is defined in the range from −pi/2 to pi/2. With these masses, one can replace the
five free parameters of the original potential (72) with the five phenomenologically relevant quantities
v, mh, mH , α, tan β.
Notice that the fermions and gauge bosons couple only to hφ but not to hs. Therefore, the couplings
of h and H follow the same pattern as in the SM but with an extra suppressing factor of cosα and
sinα, respectively. This leads, in particular, to the cos2 α and sin2 α suppression with respect to the
SM of the production rates of the light and the heavy Higgses. The decay widths pattern exhibits a
similar suppression with one modification: the heavy Higgs can decay into a pair of light ones if this
channel is open kinematically.
So far, we have not specified which of the two scalars is the 125 GeV Higgs boson h125. Both
scenarios are possible. In the high-mass scenario, h = h125, and the alignment limit corresponds to
sinα = 0. In the low-mass scenario, H = h125, the alignment limit is cosα = 0, and an extra invisible
decay channel for the SM-like Higgs is potentially open. When parametrizing the model in terms of the
five phenomenological parameters and placing limits on them, one should not be surprised to see jumps
at the second Higgs mass of 125 GeV.
Lifting the Z2 symmetry allows cubic and linear terms to appear in the potential, aSφ†φ+ bS3 + cS,
which was impossible in multi-doublet models. The linear term can be removed by a shift of the field
S, so that one adds only two more free parameters to the model, the total counting rising to seven. But
then whatever vev the field S acquires, be it positive or negative, it cannot be manipulated anymore.
Alternatively, one can perform such a shift that sets 〈S〉 = 0, but then the linear term will enter the
tadpole conditions. Notice also that the extra terms do not change the stability conditions for the
potential but do modify the vacuum structure and can lead to a metastable minimum, see [355] for a
relevant analysis at the tree level and at one loop. The presence of cubic terms makes the minimization
of the potential and the resulting interactions between the scalars h and H more involved. One useful
relation which holds for any scalar potential is
sin2 α = (M2φφ −m2h)/(m2H −m2h) , (74)
where Mφφ is the coefficient in front of the h2φ/2 term. This relation can be used to trade angle α for
Mφφ when defining parameter space. It also makes evident that if 〈S〉 = 0 after removal of the linear
term, then there is no mixing between the two scalars: M2φφ = m2h and α = 0. Explicit expressions for
the hhh and Hhh couplings in terms of seven parameters of the model were given in [356].
5.1.3. Complex singlet extension
An extra complex scalar S = S+ iA brings in two new degrees of freedom. Depending on the singlet
vev, the three neutral scalars can mix, producing a richer collider phenomenology and complicating
its analysis. On the other hand, one or both new scalars can be symmetry protected against decay,
yielding simple models of two-component dark matter or models with one DM candidate and a strong
electroweak phase transition [352].
For complex S, the number of free parameters in the scalar sector rises sharply, reaching 21 in the
most general renormalizable potential [352]. In the quartic sector alone, a single term S4 for the real
scalar is now replaced with S4, (S4)∗, |S|2S2, |S2|(S2)∗, and |S|4, all coming with their own coefficients.
An exhaustive phenomenological scan of the entire parameter space is of questionable use, taken into
account the minimalistic attitude one takes in singlet models. It makes more sense to simplify the
problem by imposing extra global symmetries such as a discrete Z2 (generated by S→ −S), a Z2 × Z′2
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(generated by S → −S and S → S∗, or alternatively by S → −S and A → −A), or a continuous
U(1) o Z2 (generated by phase rotations and S → S∗, or alternatively by O(2) transformations in the
(S,A) space).
Before moving on, let us make a remark on the (absence of) CP -violation in the singlet extension
of SM. Although the potential contains many complex coefficients, it does not produce CP -violating
effects in the scalar sector, see Chapter 23.6 in [14]. The fundamental reason is that in the presence of
gauge-singlet scalars there exists even larger freedom of defining CP -symmetry. In particular, φ
CP−−→ φ∗,
S CP−−→ S is an equally acceptable definition as the traditional one φ CP−−→ φ∗, S CP−−→ S∗. Alternatively,
in terms of real fields, when building the model, we are free to arbitrarily assign the CP -properties
of both S and A. In particular, we can assume that both S and A are CP -even: in the absence of
fermion and gauge interactions, there is no justification to prefer the CP -odd A over the CP -even one
— at least, as long as only the SM fermions are considered. Thus, whatever the doublet plus singlet
potential is, there is no CP violation in the scalar sector. Adding vector-like quarks will, however, open
up the possibility of CP -violation with this scalar content [357, 358, 359]. It must be added that not
all authors agree that this extended freedom leads to a legitimate CP -transformations. For example,
in [352], the two real scalars S and A are explicitly labeled as the CP -even and CP -odd one, although
the authors mention that they do not consider CP -violating variant of the model. The authors of the
recent work [360] also claim that the model with cubic terms formally exhibits CP -violation, although
in order to observe CP -violating effects in physical processes one needs to complement the content of
the model with vector-like quarks.
A relatively simple and physically motivated model can be obtained by assuming a U(1) global
symmetry which is softly broken by the quadratic and linear terms [352, 152, 361]. The scalar potential
takes the form
V =
m2
2
φ†φ+
λ
4
(φ†φ)2 +
δ2
2
φ†φ|S|2 + b2
2
|S|2 + d2
4
|S|4 +
(
a1S+
b1
4
S2 + h.c.
)
, (75)
with five real and two complex parameters. The U(1) breaking quadratic term is needed to avoid
the massless Goldstone field at 〈S〉 6= 0, while the linear term breaks the residual Z2 symmetry and
prevents formation of domain walls in early Universe, which would normally appear when an exact
discrete symmetry is spontaneously broken. Cubic terms can also be added [360].
model phase vevs symmetry
U(1) Higgs + 2 degenerate dark 〈S〉 = 0 conserved U(1)
2 mixed + 1 Goldstone 〈A〉 = 0 U(1)→ Z′2
Z2 × Z′2 Higgs + 2 dark 〈S〉 = 0 conserved Z2 × Z′2
2 mixed + 1 dark 〈A〉 = 0 Z2 × Z′2 → Z′2
Z′2 2 mixed + 1 dark 〈A〉 = 0 conserved Z′2
3 mixed 〈S〉 6= 0 broken Z′2
Table 3: Phase classification for possible models with one complex singlet [152]
Depending on whether a1 and b1 are zero or not, and whether the singlet gets a non-zero vev,
several classes of models are possible. Table 3 summarizes the global symmetries, the vev patterns,
and the main phenomenological consequences [152]. In the U(1) symmetric model, with a1 = b1 = 0,
the singlet-unbroken phase with 〈S〉 = 0 produces two degenerate DM candidates, while broken phase
contains a massless scalar, — one can choose it to be A, — which is phenomenologically ruled out. The
Z2×Z′2 symmetry is obtained by setting a1 = 0 and b1 real. Again, for 〈S〉 = 0, we have no mixing and
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two DM candidates, which are not degenerate anymore. In the broken phase, the minimization removes
only one of the two Z2 factors, so that one scalar remains inert and is a DM candidate, while the other
mixes with the doublet neutral. Again, without the loss of generality, one can choose 〈A〉 = 0, as the
other possibility is obtained just by the S ↔ A swap and the corresponding sign flip of the real b1. The
Z2-symmetric model with real a1 and b1, or to be precise, with a real b∗1a21, can either have one DM
candidate and two-scalar mixing, or no DM candidates at all and the full three-scalar mixing. Finally,
the generic potential (75) with a complex b∗1a
2
1 does not possess any global symmetry and does not lead
to DM candidates.
In any of these cases, the stability and perturbative unitarity conditions are calculated straightfor-
wardly, as the quartic part of the potential is simple [152]. In the full-mixing case, the 3×3 real rotation
matrix Rij with angles α1, α2, α3 brings the initial fields hφ, S, and A to the three mass eigenstates
h1, h2, and h3. Each of them couples to the SM fields via their hφ component, so that the coupling
coefficients are proportional to their SM values times the Ri1 matrix elements. Expressions for all triple
and quartic couplings among physical scalars in terms of the parameters of the potential and the entries
of the rotation matrix R are given in [361].
Another way to cope with the many interaction terms is to use the exact Z2×Z′2 symmetry instead of
softly broken U(1) [362]. Analysis of this potential is more complicated but still manageable, especially
if one works with the real fields S and A. Since the potential is now expressed in terms of quadratic
quantities φ†φ, S2, A2, the stability conditions can be derived exactly with the copositivity criteria
[363]. The free parameter counting rises to nine, and vacuum structure of the model is more elaborate
than in the softly broken U(1) case [362]. The potential can possess simultaneous minima at different
depths, which differ by their symmetry breaking patterns. This brings again the issue of the tree-level
stability vs metastability of a chosen vacuum. Ref. [362] presents a detailed analysis of these stability
issues.
5.1.4. Phenomenological studies
Collider phenomenology of the gauge singlet extensions is less rich than in multi-Higgs-doublet
models. Singlets interact neither to the gauge bosons nor to fermions, and the physical scalars couple
to the SM fields with the same pattern as in the SM just downscaled by the elements of the rotation
matrix. There are no charged Higgses, the neutral ones cannot induce FCNC or LFV transitions, there
is no CP -violation coming from the scalar sector. When checking whether a specific model is compatible
with existing data, one just needs to consider electroweak precision tests, the LEP and LHC bounds
on direct production of new scalars, both light and heavy, and to satisfy the relic DM abundance and
the constraints coming from the direct DM detection experiments. On the other hand, singlets do
have important astroparticle and cosmological consequences, see section 6. At colliders, apart from the
reduced couplings to the SM fields and existence of new states, the potential signals include a strongly
enhanced hh production around the mass of the heavier scalar, cascade decays within the scalar sector,
and displaced vertices characteristic of light extra scalars.
Several detailed phenomenological studies have been published over the last decade, both in the
pre-LHC era [364, 352] and in the recent years [365, 152, 354, 356, 361, 366]. In the last couple of years,
as the LHC is gearing up for the Run 2 data taking, several works came up with carefully selected
benchmark models with real [366, 367] and complex [361] singlets, which can be tested in the years to
come. The LHC Higgs cross section Working Group reports [271, 22] provide extra details on what
parameter space regions can be probed at future colliders.
For the real singlet extension, a global fit to the Higgs signal strengths at the 8 TeV LHC leads to
sin2 α ≤ 0.23 at 95% C.L. [356]. The study [354] focusing on the real singlet extension gave a more
detailed picture. Fig. 5, left, reproduced from that work shows the regions in the plane of mixing
parameter | sinα| and the mass of the second boson mH , which are excluded by LEP and the LHC, as
well as the regions disfavored by the ∆χ2 analysis obtained with the HiggsSignals package on the basis of
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Figure 5: Exclusion regions for the real singlet extension. Right: Constraints on the (| sinα|,mH)-plane arising from the
LEP and LHC exclusion limits as well as from the HiggsSignal ∆χ2 distribution; reproduced with permission from [354].
Left: Exclusion at 95% C.L. from current Higgs couplings measurements at the LHC8 (light region), and deviation in
the Higgs signal strengths ∆µ/µSM ≡ sin2 α (light solid lines). The ratio of the trilinear Higgs coupling to its SM value
is drawn for vs = −75 GeV (dashed black lines). Dark gray: unphysical parameters. Reproduced with permission from
from [356].
Run 1 data. The black regions are still allowed. As shown by the vertical black stripe in Fig. 5, left, the
sensitivity to sinα is limited in the vicinity of the degenerate situation mh ≈ mH , where the alignment
jump from the light to the heavy-mass scenario takes place. For the exact degeneracy the sensitivity
vanishes since the mixing angle is undefined here. In the near-degenerate region, depending on the
exact mass splitting, one can hope to get a better constraint from the high-resolution LHC channels,
γγ and ZZ∗ → 4`, or at the future colliders [271]. In the high mass region the strongest upper limit on
| sinα| arise from the NLO corrections to the W mass and the perturbativity constraints, pushing this
limit to below 0.2 at mH = 1 TeV [354, 366].
Relaxing the Z2-symmetry assumption in the real singlet model leads to minor complication of the
analysis [356]. Fig. 5, right, reproduces the plot from [356] which shows, for a particular choice of
quartic coefficients, the values of ∆µ/µSM ≡ sin2 α and the triple Higgs coupling relative to the SM
ghhh/g
SM
hhh as functions of the entry M
2
hh ≡ M2φφ in Eq. (74) and the mass of the heavy scalar denoted
as mφ. The dark region is unphysical, the light region is excluded by the LHC Run 1 Higgs data.
The white region is allowed and the lines show the predicted parameters sin2 α and ghhh/g
SM
hhh. Future
colliders will further constrain these two parameters. Citing [271, 356] for rough estimates, one expects
that the HL-LHC with 3 ab−1 of data will probe sin2 α down to ∼ 4–8% and yield the first indication
of the triple Higgs coupling. The future 100 TeV hadron collider should help detect deviations of ghhh
from its SM value below 10%. The linear e+e− colliders aim at sin2 α of about 2% level (ILC) or 0.3%
level (CLIC). Using this plot, one can visualize the parameter range accessible to the future colliders.
The case of a light second scalar, with mass in the GeV range, is severly constrained by the heavy
meson decays and by non-observation of new long-lived particles which could produce displaced vertices
[368, 369]. A moderately heavy scalar, but still lighter than 62.5 GeV, would be well visible in the decays
of the SM-like Higgs boson. A review from 2008 of the possible collider signals in this regime can be
found in [370]. Many of those opportunities are now of historic interest after the discovery of the 125
GeV Higgs bosons and placing an upper bounds on its invisible decay branching fraction.
The collider phenomenology of the complex singlet extension depends on the scenario chosen. For
two DM candidates, either mass-degenerate or not, the phenomenology is not dramatically different from
the real singlet case: one expects missing ET events and, for light DM candidates, an extra contribution
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Figure 6: The 4b final state rates for a heavier Higgs decaying into the h125h125 pair (left) and for the case where h125
decays into a pair of lighter bosons. The production process is gluon fusion at 13 TeV. The black (blue) and light gray
(green) points correspond to the fully mixing and DM phases of the complex singlet extensions, the dark grey (red) points
correpond to the mixing phase of the real singlet model. Reproduced with permission from [361].
to the invisible decay of h125. For a more attractive variant with one DM candidate and two mixing
scalars, the second Higgs can be seen directly or via its H → hh decay [352]. In the fully mixed case, the
three scalars can give rise to additional collider signals. Any final state X that one studies at colliders
searching for the Higgs signal can be reached not only by the one-step production and decay of the
SM-like Higgs but also through intermediate production of hi decaying into two lighter scalars hj, hk,
which may be different or not, to finally produce the state X. This channel can be competitive to the
direct channel in the case of resonant production of the heavy scalar. The recent work [361] investigated
in detail this issue via numerical scans of the parameter space in the model given by (75) and for two
different assignments for h125: either the lightest or next-to-lightest. A typical contribution of the chain
production channel stays within a few percent, reaching about 1/6 at m2 = 250 GeV.
Another result of that study is given in Fig. 6. Shown on these plots is the production rate of the
4b final state, either via heavy scalar Φ → h125h125 → 4b or via the SM-like Higgs and its decay into
two ligher scalars h125 → ϕϕ → 4b. Since the scan takes into account all experimental and theoretical
constraints, these plots offer an estimate of typical signals one can expect at the LHC Run 2. The
same plots also show the difference between the real and complex singlet extensions for this particular
collider signature.
In the last couple of years, several authors went beyond tree-level analysis of this model. One-loop
calculation of the H → hh decay was reported in [371]. Another recent work [372] found that one-
loop corrections to the hhh coupling can be comparable and even larger than the tree-level values, and
studied its effect on the double Higgs production at the LHC, which in the high-mass scenario can
dramatically differ from the SM. On the other hand, if this enhancement is too high, the electroweak
minimum ceases to be the global minimum, which places extra constraints on the parameters [373].
An extra scalar field additionally stabilizes the Higgs potential at very large quasiclassical values.
Theoretical analyses of the Higgs potential stability, assuming that no New Physics is present up to
Planck scale, indicate that the present low-energy vacuum is marginally metastable [374]. Although it
does not run into immediate problems for the present-day physics, it does raise questions about how
the Universe ended up in such a metastable state [375]. The singlet scalar mixing with the Higgs boson
dispels such doubts. Even with small mixing angles, the new scalar manages to stabilize the potential
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at large field values [376, 377]. This stabilization is well compatible with other experimental constraints.
Costa et al [378] studied the high-scale stability of the scalar potential in the softly broken U(1) model
(75) at the two-loop level. All relevant collider data, dark matter direct detection limits, and the relic
abundance results were found to be consistent with stability up to the Planck scale, with the sharp lower
bound on the second Higgs mass at about 140 GeV, with a sizable mixing angle α, with the dark matter
particle heavier than about 50 GeV. If one wants the relic density measured by Planck to be exactly
saturated, still keeping the stability at least up to the GUT scale, the lower limit on the second Higgs
shifts to 170 GeV. Stability can also be achieved in the broken phase, with all three mixing scalars. All
these scenarios can be explored at the LHC.
A similar conclusion for the real singlet extension and at the one-loop level only was obtained later
in [379]. Stability up to the Planck scale was well feasible, with the second scalar being moderately
heavy, well below 1 TeV, and the mixing angle being sizable, leading to σ(pp → H → hh) ∼ 1 pb.
A similar prediction was also obtained in [380]. We also mention here the detailed study [381] which
investigated, via the two-loop analysis, the stability and perturbativity of the Higgs potential in a
variety of models with scalars and fermions in various representations. Although it appeared before the
official Higgs boson discovery, it assumes the Higgs mass to be at 125 GeV, which the December 2011
LHC presentations were pointing to.
We end the discussion of singlet extensions with a remark which is hard to avoid. Recently, the
singlet extension models received a turbo boost from the 750 GeV diphoton excess reported by the
ATLAS and CMS collaborations after the analysis of the first Run 2 data collected in 2015 [382, 383].
The enhancement appeared to originate from production and decay of a neutral scalar, and models with
singlet extensions were among the first summoned to explain the anomaly, see for instance [384, 385] to
get the impression. Clearly, the very fact that the hypothesized neutral scalar couples to photons and
gluons and, at the same time, stays invisible in other production channels, requires introduction of yet
more new fields. The resulting phenomenological analyses cannot be attributed to the singlet extension
of the scalar sector itself but rather refer to synthetic models with several ingredients [386]. Although
it can be debatable whether this activity produced new insights into the model itself, it was at the very
least a rare “real fight” test of this model and it remains a valuable experience from the historical point
of view.
5.2. Higher multiplet extensions
Apart from electroweak doublets and singlets, one can also think of adding scalar multiplets in
higher SU(2) representations. Historically, a scalar triplet was especially attractive because, if coupled
to a pair of lepton doublets, it can generate neutrino masses without introducing right-handed neutrinos
[111, 112, 113, 114, 119]. In the simplest setting with one additional complex triplet X = (χ++, χ+, χ0),
this interaction has form
fij
(
χ0νiνj + χ
+νi`j + `iνj√
2
+ χ++`i`j
)
. (76)
If χ0 gets a tiny vev, thus spontaneously breaking the lepton number, the Majorana neutrino mass
matrix arises. This simple approach leads, however, to a massless Goldstone boson (Majoron), which
would be detected via its contribution to the Z width. Hence, the construction must be modified. In
the modern models of tree-level neutrino mass generation with triplets, known as the seesaw Type II
models, the triplet interacts with leptons and with the Higgs doublet and just connects the Higgs vev
with the neutrinos, see e.g. [387, 388] for the models themselves and their LHC-related signals.
If one wants the triplet or higher-dimensional multiplet to develop a sizable vev, then apart from
special cases mentioned later the value of the ρ-parameter strongly constrains its value. Consider a
scalar multiplet X with weak isospin T > 1/2 and hypercharge Y . The gauge-kinetic part of the new
multiplet X is |DµX|2 (with the factor 1/2 for real fields), where Dµ is still given by the same Eq. (12).
The weak isospin generators Ti still satisfy the SU(2) commutation relations [Ti, Tj] = iijkTk, but they
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now act in the 2T + 1-dimensional space. Defining raising and lowering generators T± = T1 ± iT2, we
rewrite the product TiW
i
µ as (W
+
µ T+ + W
−
µ T−)/
√
2 + W 3µT3. The scalar multiplet X must acquire vev
vχ only in its neutral component with T3 = −Y/2. This leads to the following contribution to the W
and Z mass terms:
|DµX|2 → 〈X〉†1
4
[
g2W+µ W
−µ · 2(T+T− + T−T+) + g¯2ZµZµY 2
] 〈X〉 . (77)
Using T+T− + T−T+ = 2[T (T + 1)− T 23 ], we find a contribution to the W mass ∆m2W = g2[T (T + 1)−
Y 2/4]v2χ and to the Z mass ∆m
2
Z = g¯
2v2χ ·Y 2/2 from complex multiplet, and half these values for a real
one. For the Higgs doublet with T = 1/2, Y = 1, and vev v/
√
2, we recover (19), and the ρ-parameter
(25) is equal to 1. But this hinges upon relation T (T +1)−Y 2/4 = Y 2/2, which is satisfied for doublets
accidentally. For a generic set of Higgs multiplets Xi with neutral component vevs vi, one gets
ρ =
∑
i ci[Ti(Ti + 1)− Y 2i /4]v2i∑
i Y
2
i v
2
i /2
, (78)
where ci = 1 and ci = 1/2 for complex and real multiplets, respectively. Thus, higher order multiplets
lead generically to sizeable departures of ρ from one. With the present day global fit value ρexp =
1.00037(23) [161], one concludes that their vevs must be small, a few GeV at most. One can trace
this departure from unity to the lack of custodial symmetry with higher representations. If g′ → 0,
the three real fields W iµ get their masses proportional to 〈X〉†T 2i 〈X〉. For doublets, it turns out that
T 21 = T
2
2 = T
2
3 , and it leads to the SO(3) global symmetry, hence the custodial symmetry SU(2)V . For
higher representations, T 21 = T
2
2 6= T 23 even when inserted between 〈X〉, which breaks the symmetry.
Phenomenology of the generic triplet models was considered in several extensive studies, both in
the pre-LHC era [117, 389, 10] and more recently [390, 391, 392, 393, 394]. One extra source of interest
to this extension was an apparent excess in the early LHC data of the H → γγ branching ratio, which
could be accommodated in models with triplets [395, 396, 397]. To be fair to Higgs doublets, we hasten
to add that 2HDM with nearly mass-degenerate Higgses could also accomplish this task [398, 399]
without showing a similar excess in other channels.
Before moving on, we mention the curious fact that the equation T (T + 1) − Y 2/4 = Y 2/2 admits
other solutions for higher-dimensional multiplets. The next one, after the doublet, is septet (7-plet)
with T = 3 and Y = 4. Its components are Φ7 = (φ
5+
7 , φ
4+
7 , . . . , φ
0
7, φ
−
7 )
T , with φ07 acquiring a non-zero
vev, which by construction preserves ρ = 1. Collider phenomenology of this extension was explored in
[400, 401, 402, 403, 282]. There also exist radiative neutrino mass models based on such high scalar
multiplets [404, 405]. Dark matter candidates coming from large scalar multiplets were studied in [406].
5.3. Georgi-Machacek model
In models with scalar triplets, there exists an elegent way to keep ρ-parameter equal to one at the
tree level. It was suggested in 1985 by Georgi and Machacek [115] and Chanowitz and Golden [116]
and goes under the name of Georgi-Machacek model (GM).
Consider a model with two triplets, T = 1: a real Ξ = (ξ+, ξ0, ξ−)T with Y = 0 with vev 〈ξ〉 =
(0, vξ, 0)
T , and a complex X = (χ++, χ+, χ0)T with Y = 2 and vev 〈χ〉 = (0, 0, vχ)T , in addition to
the usual doublet φ with vev 〈φ0〉 = vφ/
√
2. The ρ-parameter in this model becomes
ρ =
v2φ + 4v
2
ξ + 4v
2
χ
v2φ + 8v
2
χ
, (79)
For vξ 6= vχ, we obtain a significant departure from unity. The essence of the GM model is to make
vξ and vχ equal via a natural construction. To achieve that, we organize the two triplets into a single
48
bi-triplet
∆ = (X˜,Ξ, X) =
 χ0∗ ξ+ χ++−χ+∗ ξ0 χ+
χ++∗ −ξ+∗ χ0
 , (80)
and build a scalar sector with ∆ and bidoublet Φˆ (26). The kinetic term Tr[(Dµ∆)
†(Dµ∆)]/2 produces
|DµX|2+(DµΞ)2/2, while the general renormalizable potential contains several terms, including trilinear
ones, which were impossible for multi-doublet models. The presence of the trilinear terms in the
scalar potential guarantees that the vev of the usual doublet triggers a non-zero vev of the bi-triplet.
The parameters of the potential must satisfy the usual stability bounds and perturbativity constraints
[407, 153].
By construction, the potential is invariant not only under the gauged left UL ∈ SU(2)L but also
under the global right UR ∈ SU(2)R transformations, which act on the bi-triplet ∆→ UL∆UR via their
three-dimensional representations. The key feature is that in a large part of the parameter space the
minimum of the scalar potential is achieved at
〈∆〉 = diag(vχ, vχ, vχ) , (81)
which automatically leads to vξ = vχ in (79) and ρ = 1. The origin of this relation is the restoration of
approximate custodial symmetry: not only the bidoublet vev, but also the bi-triplet vev (81) is invariant
under the diagonal subgroup SU(2)V ⊂ SU(2)L × SU(2)R.
Counting bosonic degrees of freedom, we start with one (bi)doublet Φˆ and one bi-triplet ∆, which
contain 4+9 = 13 scalar fields. Three of them become the would-be Goldstone modes, and the remaining
10 form multiplets under the custodial symmetry: one 5-plet H5 = (H
++
5 , H
+
5 , H
0
5 , H
−
5 , H
−−
5 ), one triplet
H3 = (H
+
3 , H
0
3 , H
−
3 ), and two neutral singlets, H1 and h, the last one identified with h125. Their explicit
allocation in Φ and ∆ is given in [407, 153]. The 5-plet resides entirely in ∆, while the Goldstone modes
and the physical Higgs triplet come from both Φ and ∆. Mixing between them can be parametrized
with the angle β in a way similar to 2HDM. The two neutral singlets mix with the angle α, also similarly
to CP -conserving 2HDM. Because of the custodial symmetry of the tree-level scalar potential, all states
within the 5-plet and within the triplet are mass-degenerate. Loop corrections lead to mass splitting,
which stays small.
The phenomenology of the Georgi-Machacek models was studied in the last few years in quite
a number of works. Hartling et al [153] produced a computer code GMCALC which allows one to
conveniently explore the parameter space of the model. Ref. [153] also contains a detailed list of
vertices and basic processes. Below, we will briefly list essential phenomenological features arising in
the GM models.
Decay modes and widths for various scalars, including the doubly charged H++ which was absent
in multi-doublet case, are listed in [153]. Kanemura et al [282] gave expectations for future colliders
for various extended scalar sectors, including the GM model. One remark concerning the heavy neutral
singlet H is that its search can be tricky. As it mixes with the doublet component, it interacts with
fermions, and can be produced in gg fusion with the pb-level cross section [408]. But the decay rates
H → hh and H → V V , although having the same leading dependence ∝ v2χM3H/v4φ, contain significantly
different numerical prefactors. Estimates show [408] that for MH = 300 GeV and vχ = 20 GeV, the
decay channel H → hh will be strongly dominant, while Br(H → ZZ) stays below one percent. A
detailed analysis of the LHC reach of this process was recently presented in [409]. It should be noted,
however, that an enhancement of the double SM-like Higgs production without any accompanying ZZ
enhancement is not specific to the GM model; the same conclusion was obtained for the real singlet
extension [380].
Another feature of scalar triplets which cannot be mimicked by doublets and singlets is the presence
of the tree-level vertex W±ZH∓ [222]. In multi-doublet models is arises only at loop level, although
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in certain cases is can be additionally enhanced [410]. Its absence at tree level is essentially due to
orthogonality of charged Higgses to the Goldstone modes, which is most clearly seen in the Higgs basis.
Such a vertex would require that three factors v, W± and Z come from the first doublet with vev, and
one field H∓ comes from extra doublets without vev, which is impossible to organize. In GM model,
we have additional charged Higgses in the 5-plet H±5 , which reside inside ∆ and are not orthogonal to
the Goldstone modes.
Another firm prediction of multi-doublet models is that the HWW and HZZ couplings for each
neutral Higgs are less than one (52) and that their squares sum up to unity. This sum rule is required by
the unitarization of the longitudinally polarized vector boson scattering at high energies, in particular
W+W− → W+W−, in which the Higgs exchange cancels the E2/v2 growth of the cross section [221].
In triplet models, this sum rule is modified because the doubly charged scalar can now propagate in the
u-channel and compensate for the overshooting by the HV V couplings [411].
Finally, we mention that the idea behind the GM model is not specific to triplets and can be extended
to even higher multiplets. One should however be careful not to run into troubles with perturbative
unitarity. Logan and Rentala [412] explored all such generalized GM models not violating these con-
straints, the largest one being GCM6 with three complex sextets. Their general scalar potentials were
analyzed and an overview of phenomenological features was presented. One strong conclusion was an
absolute upper bound on the SM-like Higgs coupling to V V possible in the GM framework: κhV < 2.36.
6. Astroparticle and cosmological implications
6.1. Scalar dark matter models
D
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Figure 7: Complementary ways to explore models with DM candidates. Left: annihilation or semiannihilation processes,
either in early Universe or at present, middle: DM scattering in DM direct detection experiments, right: pair production
of new states possibly with a cascade decay inside the dark sector.
Scalar dark matter (DM) candidates naturally arise in extended Higgs sectors equipped with global
symmetries, under which the SM fields remain invariant while the extra scalars transform non-trivially.
In a large part of the parameter space these symmetries stay intact after EWSB and protect the lightest
non-trivially transforming scalar against decay into SM fields. An attractive feature of such models is
that presence of DM candidates can manifest itself in three complementary channels: annihilation,
scattering, and production, Fig. 7, which can be probed via very different observables. Let us denote
the DM candidates by D and the heavier scalars from the same multiplet by D′. Then annihilation
DD → SM, coannihilation DD′ → SM, or semi-annihilation DD → D+SM processes affect evolution
of the early hot Universe and determine the DM relic abundance. They also lead to present day
signals such as γ-rays emission from galactic centers. Scattering processes may produce signals in DM
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direct detection experiments. The production channel if kinematically open will lead to large missing-
ET signatures, often accompanied with additional objects from DD
′ → DD+SM chain, which are
observable at colliders even if the DM particles are completely invisible. For light DM, it will also
contribute to the invisible SM-like Higgs boson decay width. In fact, a decade ago the potentially
dominant invisible Higgs decay was a source of worries that one could miss the sufficiently light Higgs
boson at colliders [351]; a one particular realization of this scenario was described and investigated in
[413]. All these signals are correlated and help constrain the parameter space.
Below, we highlight two simple scalar sectors which received attention as viable sources of scalar DM
candidates: the singlet extension models and the Inert doublet model. Of course, several other scalar
sectors have been studied as well. One specific direction which received much attention goes under
the name of “minimal dark matter” [414, 415, 416]. Here, one adds extra fields, which can be scalars,
in a higher-dimensional representation of the SU(2)L group and demands that only renormalizable
interactions be present in the lagrangian. If the lightest component of the multiplet is neutral, it is
automatically a DM candidate because no renormalizable interaction can connect the new multiplet
with the SM fields and induce its decay. More sophisticated models include triplets [417, 418, 419] or
a triplet and a singlet [420, 397], and large scalar multiplet DM models [406]. They have been invoked
not only to introduce DM but also to explain small neutrino masses or some astrophysical observations,
such as the 130 GeV γ line which several groups seemed to observe in the Fermi-LAT data. A detailed
overview of such models can be found in [349].
6.1.1. Singlets
In models with one real gauge singlet, section 5.1, the conserved Z2-symmetry, which flips the sign
of the singlet, protects it from decay as well as from mixing with the neutral component of the doublet.
Since the singlet is electroweak-blind, it interacts with SM fields only via the Higgs sector. The three
new parameters of the model (72) can be chosen as the DM candidate mass mD, the SM-DM coupling
λ3, and the self-coupling within the scalar sector λ2, which is usually poorly constrained.
Already the first studies [109, 110, 350, 351] showed that the correct DM relic abundance can be
reproduced within this minimalistic model with the DM mass at the electroweak scale and a reasonably
large SM-DM coupling λ3 ∼ 0.1. When calculating DM relic abundance, one typically sees three
different mD regions: the small mass region, the funnel region mD ≈ mh125/2, and the large mass
region. As the annihilation proceeds via the s-channel Higgs diagram, one can deduce the asymptotic
behavior in the small and large mass regions [351]:
〈σannv〉 ∝ λ
2
3m
2
D
m4h125
for mD  mh125 , 〈σannv〉 ∝
λ23
m2D
for mD  mh125 . (82)
Deep into these two asymptotics, one needs a large λ3 to prevent the cross section from becoming
too small and the DM relic abundance too large. Above a few TeV, one can run into troubles with
perturbativity constraints. Near the Higgs pole, the annihilation proceeds very efficiently, and if one
wants to stay exactly at the measured relic abundance, λ3 ∼ 10−3 ÷ 10−4 are required. Away from the
Higgs pole, the spin-independent elastic scattering cross section is typically of the order of 10−44÷10−43
cm2 [351]. Two decades ago, it was below the direct detection limits but now this region is being probed
by the present day direct detection experiments. In the funnel region, if the coupling constant is indeed
kept small, the elastic scattering cross section dives down by several orders of magnitude.
The steady progress in DM direct detection experiments kept excluding more and more regions in
the parameter space [422]. The evidence for the Higgs boson at about 125 GeV which accumulated
towards the end of 2011 pinpointed the location of the funnel region [423]. The current situation in the
real singlet extension is shown in Fig. 8 from the arXiv version of [421] updated in 2016 (see also similar
analyses in [424, 425]). The combination of indirect detection limits from Fermi, see a detailed analysis
in [426], the Planck results on relic abundance [427], the LHC Higgs data, and most importantly the
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Figure 8: Constraints on two parameters (mS ≡ mD, a2 ≡ λ3) of the real singlet extension. Several shared regions are
excluded by various observations. The white space is not yet excluded. Reproduced with permission from the arXiv
version of [421].
LUX direct detection constraints [428] close almost the entire parameter space of the model. Only
two small regions remain viable: (i) within the small mass range 55 < mD < 63 GeV and within the
interval of the DM-SM coupling 10−4 ∼< λ3 ∼< 10−2, and (ii) for mD > 110 GeV, again in a narrow
range of coupling. The former region can significantly shrink and eventually become excluded only
after the future indirect detection observations reach at least an order of magnitude better sensitivity
than Fermi-LAT. In the latter region, with mD > 110 GeV and up to a few TeV, an order of magnitude
improvement in the direct detection sensitivity will put this model to the conclusive test [421, 424].
This will be a good illustration how minimalistic, highly predictive models can get constrained and
eventually ruled out by complementary measurements.
One real singlet can take care either of DM or of strong electroweak phase transition but not both.
These two cosmological consequences can be achieved simultaneously in the complex singlet extension,
in which only one of the two extra scalars is stable. There have been several extensive analyses of the
DM properties in complex singlet extensions [352, 429, 430]; for more details see the overview [349].
Models with two singlet scalars [431, 425] as well as combinations of the 2HDM with singlet scalar DM
[423, 432, 424] have also been closely studied.
To close this section, we mention another interesting way how the singlet scalars can affect dark
matter relic density: via a sequence of phase transitions. Baker and Kopp [433] proposed recently a
model with “vev flip-flop”, in which a sequence of two phase transitions takes place as the Universe is
cooling down. The DM candidates in this model are new fermions. They couple to the scalar singlet
messenger S and freeze-out early and with a large relic abundance. Then, at the first transition, S
develops vev, which destabilizes DM and allows it to decay until the second phase transition sets in,
which restores 〈S〉 = 0 and generates the usual Higgs vev. The DM relic abundance then stabilizes at
the new level and it depends on the time interval between the two transitions available for decay.
6.1.2. Inert doublet model
2HDM can easily incorporate scalar DM candidates. Taking Type I 2HDM and postulating the
exact Z2 symmetry (43) in the scalar potential, one can obtain 〈φ2〉 = 0 in a large part of the parameter
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space without any fine-tuning [188]. The scalars from the second, “inert” doublet are odd under Z2
and are protected against decay into the pure SM final states. Due to their mass splitting, the inert
scalars can sequentially decay into one another but the lightest scalar h1 is stable and serves as the DM
candidate. Pairwise interactions between these scalars are still possible, leading to DM annihilation
and co-annihilation processes as well as to collider signatures.
This model known as the Inert doublet model (IDM) was resurrected a decade ago [434, 435, 436] and
its phenomenology has been explored in great detail. It is easily doable with analytical calculations,
it can be implemented in computer codes, and its parameter space is relatively small, allowing for
efficient parameter scans. It is predictive and can be strongly constrained by the present and future
data. Several comprehensive analyses of astroparticle and collider constraints on the IDM parameter
space have been published [437, 438, 439, 440, 441]; below we borrow some illustrative examples from
[441].
The scalar potential of IDM has the form (42) without the m212, λ6, and λ7 terms. All of its free
parameters are real and satisfy the usual stability bounds (44). In addition, one assumes |λ5| − λ4 > 0
which guarantees that the vacuum is neutral and that the charged inert scalars are heavier than the
lightest neutral one. The scalar spectrum in the inert sector is
M2h+ =
1
2
λ3v
2 +m222 , M
2
h1
,M2h2 =
1
2
(λ3 + λ4 ∓ |λ5|)v2 +m222 . (83)
In this way, |λ5| − λ4 defines the splitting between the charged and the lightest neutral scalars, while
|λ5| alone shows the splitting between the two neutrals h1 and h2. The notation (H,A) is often used
instead of (h1, h2) and it alludes to the specific CP -parity assignment of the two neutral scalars. As we
explained in section 3.4, this assignment is a matter of convention. Although h1 and h2 indeed have
opposite CP -parities, which is manifest via the Zh1h2 vertex, it is impossible to unambiguously assign
which of them is CP -even and which is CP -odd. In the absence of direct coupling to fermions, the
model has two CP -symmetries, h1 → h1, h2 → −h2 and h1 → −h1, h2 → h2, which get interchanged
upon the basis change φ2 → iφ2. Either can be used as “the CP -symmetry” of the model, making the
specification of the CP properties of h1 and h2 a basis dependent statement.
The five IDM free parameters can be chosen, for example, as the three masses Mh1 , Mh2 > Mh1 ,
and Mh+ , the combination of quartic couplings λ345 ≡ λ3 + λ4 − |λ5|, which determines the SM-DM
interaction vertex h125h1h1, and the parameter λ2 > 0, which governs the self-interaction inside the
inert sector. Stability and perturbative unitarity places theoretical bounds on λ345 and λ2. The values
of λ345 strongly affect phenomenology, while λ2 remains essentially unconstrained by data.
To illustrate how the collider data and astrophysical observations constrain the parameter space of
IDM, we show in Fig. 9 the results for the DM relic density ΩDMh
2 [441] obtained with the MicrOMEGAs
2.4.1 package [138]. The left and right plots correspond, respectively, to quasi-degenerate h1, h2 and
h+ masses, Mh2 = Mh+ = Mh1+1 GeV, and large mass splitting Mh2 = Mh+ = Mh1+100 GeV; on both
plots, several scenarios with positive and negative λ345 are shown. The relic density result obtained by
Planck ΩPlanckDM h
2 = 0.1184 ± 0.0012 [427] is shown by the horizontal line. If one leaves room for other
mechanisms which can produce additional DM candidates, this value should be considered as an upper
bound rather than the absolute value to be fitted within IDM.
Several features are visible on these plots. For the light DM masses at small mass splitting, the
curves go below the Planck value and display two dips at 40 and 45 GeV, corresponding to the resonant
coannihilation h1h2 → Z and h1h+ → W+. These processes are governed by the gauge couplings, and
they efficiently reduce the relic density even at zero λ345. Since the inverse processes, the W and Z
boson decays to light inert scalars, would also take place, this region is already closed by the LEP data.
For large mass splitting, the dips disappear since Mh1 + Mh2 or Mh1 + Mh+ are above MZ and MW ,
respectively. Coannihilation is suppressed, and the relic density can be brought below the Planck value
only at large |λ345| ∼> 0.3. However, these large values are already ruled out by the non-observation of
53
101 102 103
Mh1  (GeV)
10-6
10-5
10-4
10-3
10-2
10-1
100
101
102
R
e
lic
 D
e
n
si
ty
 Ω
h
2
Excluded by LEP
Mh2 =Mh± =Mh1+1 GeV
λ345 =1.0
λ345 =0.1
λ345 =0.01
λ345 =0.001
λ345 =−1.0
λ345 =−0.1
λ345 =−0.01
λ345 =−0.001
101 102 103
Mh1  (GeV)
10-6
10-5
10-4
10-3
10-2
10-1
100
101
102
Re
lic
 D
en
si
ty
 Ω
h
2
Mh2 =Mh± =Mh1+100 GeV
λ345 =1.0
λ345 =0.1
λ345 =0.01
λ345 =0.001
λ345 =−1.0
λ345 =−0.1
λ345 =−0.01
λ345 =−0.001
Figure 9: The DM relic density as a function of Mh1 for various λ345 parameters for small (left) and large (right) mass
splitting. The horizontal line corresponds to the relic density obtained by Planck [427]. Reproduced from [441].
the invisible Higgs decay at the LHC: the upper limit of Br(h125 → inv) < 0.24 currently established
by the ATLAS [442] and CMS [443] collaborations translates to |λ345| ∼< 0.02 to 0.04 depending on
the exact value of Mh1 . As a result, the entire small-mass region mh1 < 45 GeV is ruled out by the
combination of the Planck and LHC data [444, 439, 445, 441].
In the funnel region, Mh1 ≈ 65 GeV, one observes the same characteristic sharp dip in the relic
density, which corresponds to the DM annihilation through the Higgs boson h1h1 → h125. At higher
masses, there is a wider and more shallow dip at about 80-90 GeV which comes from h1h1 → W+W−
and h1h1 → ZZ channels merged together. The last dip around 125 GeV corresponds to the DM relic
density reduction due to the opening of the h1h1 → h125h125 annihilation channel and is sensitive to
the values of λ345. The positive (solid lines) and negative (dashed lines) values of λ345 differ due to
interference between the s-channel Higgs boson process with the rest of annihilation diagrams.
For large DM masses, there is a qualitative difference in the asymptotic behavior of the DM relic
density for small and large mass splitting. In this region, the main contribution comes from the h1h1 an-
nihilation into (longitudinal) vector bosons. The quartic coupling h1h1ZLZL depends on the parameters
as 2(M2h2 −M2h1)/v2 + λ345 and is very different for small and large mass splitting. For small splitting,
this coupling stays almost constant vs. Mh1 and generates a low h1h1 annihilation cross section leading
to the relic density rising with Mh1 . For large mass splitting, this vertex grows with Mh1 boosting
the annihilation cross section, so that the DM density stays well below the experimental limit. Similar
qualitatively different regimes for small and large mass splittings can be derived for DM scattering cross
section on matter. This means that if one wishes to exactly fit the Planck result in the high-mass region,
the mass splitting between inert Higgses must be small, a few GeV at most. It cannot be too small,
though: if Mh+ −Mh1 < 200 MeV, the charged inert Higgs will be sufficiently metastable to produce
(disappearing) charged tracks [441].
Additional constraints on the parameter space and DM candidate properties can be also deduced
from the theoretical assumption of full stability of the IDM potential up to Planck scale [446, 447].
IDM can also produce signals for direct [448] and indirect DM search experiments via heavy inert
scalar annihilation, which can be detectable via γ-rays [449, 450, 451] or via its neutrino [452, 453]
and cosmic-ray signals [454]. Collider signatures of IDM include mono-Z or mono-jet + missing ET
signatures [438, 439, 441], dijets or dijets plus dileptons with missing ET [455, 456], multilepton signals
[457, 458, 456, 440], modified rates of the SM-like Higgs decays to γγ and γZ [459, 460, 444, 461],
long-lived charged scalars and other exotic signals. Prospects of detecting and exploring IDM at ILC
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were discussed in [462, 463].
Finally, models in which the IDM is accompanied by yet more scalars have also been considered,
such as IDM with a complex singlet [464] or (1+2)IDM with one usual and two inert doublets [465, 466,
467]. The 3HDM based on the exact order-4 GCP symmetry [256, 343] mentioned in section 4.3 also
bears the IDM features and contains two mass-degenerate non-coannihilating DM candidates. All such
models strongly differ in the dark sector, but whether the non-trivial scalar dark sector can be probed
experimentally remains an open question.
6.2. Phase transitions in early Universe
Extended scalar sectors can have profound cosmological implications for the early Universe. Extra
scalars modify the Higgs potential not only at zero but also at finite temperatures, which echoes in
the strength of the electroweak phase transition (EWPT), which is indispensable for generation of the
observed baryon asymmetry of the Universe. In general, thermally activated sphaleron processes tend
to wash out preexisting or newly generated baryon asymmetry. In order for the baryon asymmetry to
persist, the phase transition to the Higgs phase must be of the first order and sufficiently strong to
make the sphalerons heavy and to strongly suppress the wash-out processes. To efficiently cut-off the
rate of these processes in the expanding Universe, the sphaleron mass needs to be Msp(Tc)/Tc ∼> 45
[468, 469]. Being proportional to the Higgs vev at the critical temperature, it translates to the widely
adopted criterion for EWPT to be strong:
v(Tc)
Tc
∼> 1 . (84)
The SM Higgs mechanism is unable to fulfill this requirement. The large value of v(Tc) require small
self-coupling λ, which makes the Higgs boson rather light. The criterion (84) could be satisfied if
mh ∼< 45 GeV [469], which since long ago was known to be inconsistent with the collider searches.
Non-perturbative studies on the lattice confirmed this conclusion [470, 471, 472] by finding that the line
of the first-order EWPT on the SM phase diagram ends at about mh ∼ 70 GeV.
Extra scalars modify the shape of the Higgs potential and loosen the relation between the Higgs
mass and the jump of the vev at the transition point. Even the simplest models with a single extra
scalar singlet can quite easily satisfy (84) in an appropriate parameter range, the cubic terms being
especially useful for this purpose [473]. The literature on this topic is vast, see e.g. [474, 475, 476, 477,
478, 479, 480, 481, 359] for recent in-depth studies which combine the requirement of the strong EWPT
with the collider results. A detailed review of this field together with a compilation of various Higgs
portal models can be found in the recent publication [349].
Just to mention one specific example of the interplay between collider physics and cosmology, a recent
work [478] explored in detail the relation between the triple Higgs self-coupling and the strength of the
EWPT. Starting with an effective Higgs potential with various higher-order non-renormalizable terms,
the authors found that the two quantities indeed correlate and that the pattern of their correlation
depends on the specific higher-order terms added. The results suggest that an insight into the strength
of EWPT can be gained via collider measurements. The authors also used the simplest singlet extension
of the SM scalar sector to construct an ultraviolet completion, but the conclusions they get do not rely
on this particular example. A similar conclusion was reached in [480].
Starting from early 1990s, many authors investigated the issue of EWPT within generic 2HDMs
[482, 483, 484, 485, 486, 487, 488] and within the Inert doublet model [489, 490, 491, 492, 493, 494],
as well as in supersymmetric models [495, 496, 497]. The general conclusion was that a sufficiently
strong phase transition is indeed possible, allowing the lightest Higgs boson to lie in the experimentally
preferred range and the masses of the heavier scalars to be of the order of few hundred GeV. For
example, the recent detailed studies [488, 498] performed a numerical scan over the parameter space
of the 2HDM with softly broken Z2-symmetry, taking into account the electroweak precision data, the
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125 GeV Higgs boson discovered at the LHC and other LHC Run 1 results, as well as the current flavor
physics constraints. They confirmed that such a transition is well possible and that it prefers tan β ∼ 1,
an approximate alignment β − α ≈ pi/2 (which reads α ≈ β with the authors’ redefinition of the angle
α), and a rather heavy A, with mA ∼> 400 GeV. An even more thorough analysis of the strength of
the EWPT in CP -conserving 2HDM was recently completed by Basler et al [499]. They studied both
Type I and Type II models, identified h125 either with h or H, and used two procedures to minimize
the loop-corrected effective potential. The extensive numerical scan identified regions in the parameter
space which generate sufficiently strong EWPT. The LHC Higgs data were fully taken into account
and played an important role in shaping these regions, reiterating the synergy between collider data
and astroparticle observations in constraining bSM models. Haarr et al [500] looked into this issue in
Type II softly broken Z2 model with a minimal amount of CP -violation and, with the help of Bayesian
statistical fit, concluded that a strong phase transition is disfavored. We also need to mention that the
2HDM potential can have several coexisting minima with different vev alignments even at tree level.
For a range of free parameters, they may lead to a chain of phase transitions when the Universe was
cooling down. Simplified analyses of this possibility in 2HDM were performed in [501, 204, 502, 489].
Beyond two Higgs doublets, EWPT in the model with one usual and two inert Higgs doublets
was investigated in [467]. Some authors also looked into EWPT in models with triplets [503, 504],
including the Georgi-Machacek model [505]. For example, in [503, 504], a rather minimalistic scalar
potential with an additional real triplet Σ was considered. To naturally satisfy restrictions coming
form the ρ-parameter, the model is constructed in such a way that 〈Σ0〉 = 0 at zero temperature. In
this case, Σ0 serves as a scalar dark matter candidate protected by the Z2 symmetry. However, there
exists a temperature interval in which 〈Σ0〉 6= 0 while the usual Higgs vev is zero. As a result, while
cooling down, the Universe evolved through a two-step phase transition: first into the exotic phase with
〈Σ0〉 6= 0, at which the baryon asymmetry was generated, and only then into the SM phase. Both phase
transitions must be of the first order and sufficiently strong: the first one needs to produce baryon
asymmetry, the second one cannot wash it out.
10-4 0.01 1 100 10410-11
10-10
10-9
10-8
10-7
10-6
f (Hz)
Ω GW
���
���
���
���
���
������
������
���
��
��
�� ���
��
��
Figure 10: Predicted stochastic gravitational-wave spectrum from a first-order cosmological phase transition occurring
at various critical temperatures. The bands correspond to variations of parameters of the calculations. The expected
stochastic background from binary black hole mergers is also shown for comparison. Reproduced with permission from
[506].
We wrap up this discussion by mentioning that there can exist a direct experimental window into that
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epoch: the stochastic background of gravitational waves generated upon the violent collisions of walls
of the expanding bubbles of the new vacuum. An initial analysis [507] indicated that they might be too
weak for a direct detection, but several recent works [508, 509, 510, 511, 480, 481, 498] based on Higgs
potentials with strong EWPTs were more optimistic. With the typical frequencies peaking in the milli-
Hz to Hz range, these gravitational waves become a target for future gravitational wave observatories.
Even more intriguing is the possibility that a rich scalar dark sector could also evolve through a first order
phase transition. Although not directly affecting the SM fields, it produces gravitational waves or cosmic
defects which could be observable by the gravitational wave experiments [512, 506, 513, 514, 515, 516].
In particular, for the critical temperature of the first-order phase transition in the dark sector around
107 to 108 GeV, the spectral peak is predicted to shift into the aLIGO operational range, see Fig. 10,
so that the background noise of these primordial cosmic catastrophes could be probed in aLIGO run
O5 [506, 514].
7. Conclusions
The HEP community is still navigating open seas in their quest for laboratory discovery of physics
beyond the Standard Model. Building models of New Physics with extended Higgs sectors evolved in
the last decade into one of the few HEP directions of truly massive, vigorous theoretical and phenomeno-
logical activity. The body of literature in this field is colossal. It keeps expanding at such a rate that
one often feels disconnected from developments in a nearby subfield. It also may represent a significant
entry barrier for those who start mastering the subject. The goal of this review was to provide an aerial
view of this subject, with a selection of specific models for a more in-depth acquaintance. With these
examples, we illustrated the main objects, goals, methods, and challenges one needs to overcome in
successful models with non-minimal Higgs sectors.
Of course, what ultimately interests us is how Nature functions, and not the mathematical exercises
which the theorists have produced so far. It is well possible that many of the models covered in this
review will become merely of historic interest in a decade or two. But in order to stay focused and safely
interpret the results of many complementary experiments and observations, we need to understand the
spectrum of possibilities in advance. The bSM community needs to stay sane, fit, and imaginative, and
it must stimulate further experimental efforts — it is with this spirit that bSM model-building with
extended scalar sectors moves on.
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